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Abstract. We study the solvability of singular Abreu equations which arise in the approximation
of convex functionals subject to a convexity constraint. Previous works established the solvability
of their second boundary value problems either in two dimensions, or in higher dimensions under
either a smallness condition or a radial symmetry condition. Here, we solve the higher-dimen-
sional case by transforming singular Abreu equations into linearized Monge—Ampere equations
with drifts. We establish global Holder estimates for linearized Monge—Ampere equations with
drifts under suitable hypotheses, and then apply them to prove the regularity and solvability of the
second boundary value problem for singular Abreu equations in higher dimensions. Many cases
with general right-hand side are also discussed.
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1. Introduction and statements of the main results

In this paper, we study the solvability of the second boundary value problem of the follow-
ing fourth order Monge—Ampere type equation on a bounded, smooth, uniformly convex
domain 2 C R" (n > 2):
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n
Z U D;jw = —y div(|Du|?"2Du) + b - Du + c(x, u)

hi=1 =: f(x,u, Du, Du) inQ,

w = (detDzu)_1 in , (1.1)
Uu=¢ on 092,

w =Y on 0.

Herey > 0,9 > 1,U = (U i )1<i,j<n is the cofactor matrix of the Hessian matrix

5 _ 0%u
D*u = (Djju)i<i,j<n = (axiaxj)lsi,jsn
of an unknown uniformly convex function u € C2(Q), ¢ € C>1(Q), ¥ € CH1(Q), b :
Q — R” is a vector field on Q, and c(x, z) is a function on Q x R. When the right-
hand side f depends only on the independent variable, that is, f = f(x), (1.1) is the
Abreu equation arising from the problem of finding extremal metrics on toric manifolds
in Kdhler geometry [1], and it is equivalent to

where (1%/) is the inverse matrix of D?u. The general form in (1.1) was introduced by the
second author in [22-24] in the study of convex functionals with a convexity constraint
related to the Rochet—Choné model [31] for the monopolist’s problem in economics,
whose Lagrangian depends on the gradient variable; see also Carlier—Radice [4] for the
case where the Lagrangian does not depend on the gradient variable.

More specifically, in the calculus of variations with a convexity constraint, one con-
siders minimizers of convex functionals

/ Fo(x,u(x), Du(x))dx
Q

among certain classes of convex competitors, where Fy(x, z, p) is a function on
Q xR x R”. One example is the Rochet—-Choné model with g-power (g > 1) cost,

Fgy(x,z,p) = (p|?/q —x-p+ 2)y(x),

where y is a nonnegative Lipschitz function called the relative frequency of agents in the
population.

Since it is in general difficult to handle the convexity constraint, especially in numer-
ical computations [2, 30], instead of analyzing these functionals directly, one might con-
sider analyzing their perturbed versions by adding the penalizations —e fQ logdet D?u dx
which are convex functionals in the class of C2, strictly convex functions. The heuristic
idea is that the logarithm of the Hessian determinant should act as a good barrier for the
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convexity constraint. This was verified numerically in [2] at a discretized level. Note that
critical points, with respect to compactly supported variations, of the convex functional

/ Fo(x,u(x), Du(x))dx — 8/ log det D?u dx
Q Q
satisfy the Abreu type equation

n
.. _ d 8F0 8FO
i 2 17 _
8U]Dij[(detD u) ] ——;a—)ﬁ(a—pl(x,u,Du)) —i—a—z(x,u,Du).
Here we denote p = (p1, ..., pn) € R". In particular, for the Rochet—-Choné model with
g-power (g > 1) cost and unit frequency y = 1, thatis, Fy = Fy 1, the above right-hand
side is

—div(|Du|9"2Du) +n + 1,
which belongs to the class of right-hand sides considered in (1.1). When Fy(x, z, p) =
F(p) + F(x, z) the above right-hand side becomes

—div(DF(Du)) + aa—j(x, u).

When y > 0, we call (1.1) a singular Abreu equation because its right-hand side
depends on D?u which can be just a matrix-valued measure for a merely convex func-
tion u.

Our focus in this paper will be on the case y > 0. For simplicity, we will take y = 1.

The Abreu type equations can be included in the class of fourth order Monge—Ampere
type equations of the form

UY Dyj[g(det D*u)] = f (1.2)
where g : (0,00) — (0, 00) is an invertible function. In particular, when g () = %, one can
take 0 = —l and 0 = —% to get the Abreu type equation and the affine mean curvature

type equation [7], respectively. It is convenient to write (1.2) as a system of two equations
for u and w = g(det D?u). One is a Monge—Ampére equation for the convex function u
in the form of
det D%u = g7 (w) (1.3)
and the other is the following linearized Monge—Ampere equation for w:
UYDijw = f. (1.4)

The second order linear operator y =1 U i D; j is the linearized Monge—Ampere oper-
ator associated with the convex function u because its coefficient matrix comes from
linearizing the Monge—Ampere operator:

_ ddet D?u
©A(D%u)

When u is sufficiently smooth, such as u € WI:C’S(Q) where s > n, the expression
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er{j:l U D;;w can be written as Z?,j:l D; (U Djw), since the cofactor matrix {Uw)
is divergence-free, that is,

n

> DUV =0

i=1

for all j. The regularity and solvability of equation (1.2), under suitable boundary con-
ditions, are closely related to the regularity theory of the linearized Monge—Ampere
equation, initiated in the fundamental work of Caffarelli-Gutiérrez [3]. In the past two
decades, there has been much progresses in the study of these equations and related geo-
metric problems, including [5,6,9-12,17,18,37-41], to name but a few.

According to the decomposition (1.3) and (1.4), a very natural boundary value prob-
lem for the class of fourth order equations (1.2) is the second boundary value problem
where one prescribes the values of ¥ and w on the boundary d€2 as in (1.1).

1.1. Previous results and difficulties

A summary of solvability results for (1.1), or more generally, the second boundary
value problem for (1.2), for the case f = f(x) is as follows. For the second boundary
value problem of the affine mean curvature equation, that is, (1.2) with g(¢) = t_%,
Trudinger-Wang [38, 39] proved the existence of a unique C*%(Q) solution when
f € C*(Q) with f <0, and a unique W*?(Q) solution when f € L>®°(Q) with f < 0.
The analogous result for the Abreu equation (1.1) was then obtained by the fourth
author [41]. For the W*? () solution, the second author [17] solved (1.1) for f € L?(R)
with p > n and f < 0. The sign condition on f was removed by Chau-Weinkove [5]
under the assumption that f € L?(Q) with p > n and T := max{f, 0} € L9(Q) with
q > n + 2 for the affine mean curvature equation. Finally, in [18], the second author
showed that the W7 (2) solution exists under the weakest assumption f € L?(Q) with
p > n for a broad class of equations like (1.2), including both the affine mean curvature
equation and the Abreu equation. We will concentrate on the singular Abreu equation
(1.1), and its solvability in C*% and W** (s > n). We obtain solvability by establishing
a priori higher order derivative estimates and then using degree theory. Essentially, estab-
lishing a priori estimates requires establishing Hessian determinant estimates for u and
Holder estimates for w.

For the singular Abreu equation, the dependence of the right-hand side on D?u
creates two new difficulties in applying the regularity theory of the linearized Monge—
Ampere equation. The first difficulty lies in obtaining a priori lower and upper bounds
for det D?u, which is a critical step in applying the regularity results for the linearized
Monge—Ampere equation. The appearance of D?u has very subtle effects on Hessian
determinant estimates. The second author [22] obtained Hessian determinant estimates
for f = —div(]Du|9"2Du) in two dimensions with ¢ > 2 by using a special algebraic
structure of the equation. In a recent work of the second and fourth authors [28], Hessian
determinant estimates for the case 1 < g < 2 were established by using partial Legendre
transform. The second difficulty, granted that the bounds 0 < A < det D?u < A < oo have
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been established, consists in obtaining Holder estimates for w in the linearized Monge—
Ampere equation (1.4), which has no lower order terms on the left-hand side. This requires
a certain integrability condition for the right-hand side, as can be seen from the simple
equation Aw = f. In previous works [3, 15, 16], classical regularity estimates for the lin-
earized Monge—Ampere equation were obtained for L” right-hand side. This integrability
breaks down even in the case f = —Au (where ¢ = 2, b = 0 and ¢ = 0), which is a priori
at most L'*¢ for some small constant e(A, A,n) > 0 (see [8, 13, 35]). With the Holder
estimates for the linearized Monge—Ampere equation with L"/2%¢ right-hand side in [26],
the second author [22] established the solvability of (1.1) for f = —div(|Du|9"2Du) in
two dimensions with ¢ > 2. When 1 < ¢ < 2, f = —div(|Du|? 2 Du) becomes more
singular in D?u and hence it has lower integrability (if any). However, in two dimensions,
the second and fourth authors [28] solved the second boundary value problem (1.1) for
f = —div(|Du|?"2Du) + c¢(x, u) for any ¢ > 1 under suitable assumptions on ¢ and
the boundary data. The proof was based on the interior and global Holder estimates for
the linearized Monge—Ampere equation with the right-hand side being the divergence of
a bounded vector field which were established in [19,21]. The solvability of the singular
Abreu equations (1.1) in higher dimensions, even in the simplest case f = —Au, has
been widely open. Only some partial results were obtained in [24] under either a small-
ness condition (such as replacing f = —Au by f = —§Au for a suitably small constant
8 > 0) or a radial symmetry condition.

1.2. Statements of the main results

The purpose of this paper is to solve the higher-dimensional case of (1.1). We will first
consider the case where the right-hand side has no drift term b - Du. This case answers in
the affirmative the question raised in [28, p. 6]. In fact, we can establish the solvability for
singular Abreu equations that are slightly more general than (1.1) where div(| Du|?~2 Du)
is replaced by div(DF (Du)) for a suitable convex function F. Our first main theorem is
as follows.

Theorem 1.1 (Solvability of the second boundary value problem for singular Abreu
equations in higher dimensions). Let 2 C R” be an open, smooth, bounded and uni-
formly convex domain. Let r > n. Let F € ngc’r (R™) be a convex function. Assume that
¢ € C3(Q) and ¥ € C3(Q) with minygg ¥ > 0. Consider the following second boundary
value problem for a uniformly convex function u:

n
Z U Dijw = —div(DF(Du)) + c(x,u) inQ,
ij=1
w = (det D%u)~! inQ, (1.5)
u=g on 092,
w=y on 0%2.

Here (UY) = (det D?u)(D?u)~! and c¢(x,z) < 0.
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(i) Assume ¢ € C*(Q x R) where a € (0, 1). Then there exists a uniformly convex solu-
tionu € W4T (Q) to (1.5) with
lullwar@y =C

for some C > 0 depending on 2, n, o, F, r, ¢, ¢ and .
Moreover, if F € C%% (R") where ag € (0, 1), then there exists a uniformly con-
vex solution u € C*P(Q) to (1.5) where B = min {x, o} with

||”||c4.ﬁ(g_z) <C
for some C > 0 depending on 2, n, o, oo, F, ¢, ¢ and .

(i1) Assume c(x,z) =c(x) € LP(Q2) with p > n where c(x) <0. Then, for s = min{r, p},
there exists a uniformly convex solution u € W*5(Q) to (1.5) with

ullwas@ <C
for some C > 0 depending on 2, n, p, F, r,s, ||c|Lr(@), ¢ and .

We will prove Theorem 1.1 in Section 4.

We also discuss the solvability and regularity estimates of (1.1) when the right-hand
side has more general lower order terms and no sign restriction on ¢. We mainly focus on
the most typical case that the right-hand side has a Laplace term:

n
> UYDjw=—Au+b-Du+c(x.u) inQ,
i,j=1
w = (det D?u)~! in 2, (1.6)
W= on 0€2,
W=y on 0€2.

Here, (UY) = (det D?u)(D?u)~". Our second main result is the following theorem.

Theorem 1.2 (Solvability of the second boundary value problem for singular Abreu equa-
tions with lower order terms in high dimensions). Let 2 C R” (n > 3) be an open,
smooth, bounded and uniformly convex domain. Assume that ¢ € C3(Q) and ¢ € C3(Q)
with mingg ¥ > 0. Consider the second boundary value problem (1.6) with ¢(x,z) = c(x).

G) If b e CYQ;R") and ¢ € C*(Q) where a € (0, 1), then there exists a uniformly
convex solution u € C**(Q) to (1.6) with

||u ||C4.ot(g_2) < C

for some C > 0 depending on Q, n, &, ||bllcag) lI¢llceg) ¢ and Y.

(i) If b e L*®(2;R") and ¢ € L? () with p > 2n, then there exists a uniformly convex
solution u € W*P(Q) to (1.6) with

lullwa.r < C

for some C > 0 depending on @, n, p, |b|lLeo(), lIcl|lLr(), ¢ and .
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We will prove Theorem 1.2 in Section 5. Furthermore, in two dimensions, when
|Ib|| Loo () is small, depending on €2, ¥ and v, the conclusions of Theorem 1.2 still hold;
see Remark 5.5.

The lack of nonpositivity of ¢ in (1.6) can raise more difficulties in the L°° estimate
and in the use of the Legendre transform in the Hessian determinant estimates. Compared
to the weakest assumption ¢ € L?(2) with p > n in [18], we need p > 2n in The-
orem 1.2 (ii). However, in two dimensions, this assumption can be weakened provided
stronger conditions on b are imposed, but ||b|zc0(q) can be arbitrarily large. This is the
content of our final main result.

Theorem 1.3 (Solvability of the second boundary value problem for singular Abreu equa-
tions with lower order terms in two dimensions). Let Q C R? be an open, smooth,
bounded and uniformly convex domain. Assume that ¢ € C>(Q) and ¥ € C3(Q)
with mingg ¥ > 0. Consider the second boundary value problem (1.6). Assume that
b € C'(Q;R") with div(b) < 32/diam(2)2, and c(x,z) = c¢(x) € L?(Q) with p > 2.
Then there exists a uniformly convex solution u € W*P(Q) to (1.6) with

lullwa.r@ < C
for some C > 0 depending on Q, p, b, ||c||Lr @), ¢ and .
The proof of Theorem 1.3 will be given in Section 6.

Remark 1.4. Some remarks are in order.

(1) Theorem 1.1 applies to all convex functions F(x) = |x|9/q (¢ > 1) on R” for which
(1.5) becomes (1.1) when b = 0. Note that if 1 < g < 2, then |x|? € ngc’r(IR") for
alln <r <n/(2—q), whileif g > 2, we have |x|? € ngc”(]R") for all r > n.

(2) By the Sobolev embedding theorem, the solutions u obtained in our main results

belong at least to €38 (Q) for some 8 > 0.

(3) The condition div(b) < 32/diam(R)? in Theorem 1.3 is due to the method of its
proof in obtaining a priori L°° estimates that uses a Poincaré type inequality on planar
convex domains in Lemma 6.2.

Remark 1.5. We briefly relate the hypotheses in our existence results to concrete
examples in applications.

(1) Theorem 1.1 applies to the approximation problem of the variational problem

inf/ Fo(x,u(x), Du(x))dx (1.7)
Q

among certain classes of convex competitors, say, with the same boundary value ¢
on 9€2, where Fo(x,z,p) = F(p) + F(x,z) with F being convex and c(x, z) =
%—i(x, z) < 0. The case F = 0 is applicable. One particular example is Fo(x,z,p) =
ﬁ(x, z) = (|x]?/2 — z) det D?v(x) where v is a given function, which arises in wrink-
ling patterns in floating elastic shells in elasticity [36].
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(2) Consider now Fy(x,z,p) = ﬁ(x, z). Denote c(x,z) = %(x, 7). We note that without

the condition c¢(x, z) < 0, (1.7) might not have a minimizer. (For example, if F (x,2)
= 7350 c(x,z) = 322 > 0, then the infimum value of (1.7) is —oo if ¢ % 0.) On the
other hand, when the assumption c(x, z) < 0 holds, a solution to (1.7) always exists:
One solution is the maximal convex extension of ¢ from d2 to 2. The existence
results in Theorem 1.1 imply that when F (x, z) is perturbed by convex functions
of Du (such as F(Du) where F is convex) and det D?u (such as — log det D?u),
critical points of the resulting functionals, under appropriate boundary conditions,
always exist, and this heuristically means that the resulting functionals continue to
have minimizers.

(3) Theorem 1.2 applies to (1.6) with right-hand side —Au + n + 1. This expression

arises from the Rochet—-Choné model with quadratic cost Fy(x, z, p) = |p|?/2 —
X-p—+ z,dueto

n
—Z i(E)FO (x,u, Du)) + aﬂ(x,u, Du)=—-Au+n+1.
= ax; \ op; 0z

Remark 1.6. Given our existence results concerning (1.1), one might wonder if the
solutions found are unique. In general, for fourth-order equations, we cannot obtain the
uniqueness of solutions by using the comparison principle. However, for equations of the
type (1.1), we can obtain uniqueness in some special cases by exploring their particular
structure, using integral methods, and taking into account the concavity of the operator
log det D?u and the convexity of |x|9/q (¢ > 1) or F in general. For example, we can
infer from the arguments in [22, Lemma 4.5] that uniqueness holds for (1.1) whenb = 0
and c(x, z) satisfies the following monotonicity condition:

(c(x,z2) —c(x,2))(z—2)>0 forallx € Qandz,? eR.

In particular, this implies that the solutions in Theorem 1.1 (ii) are unique, and the solu-
tions in Theorems 1.2 and 1.3 are unique provided that b = 0. To the best of our know-
ledge, the uniqueness for (1.1) when b # 0 is an interesting open issue.

1.3. On the proofs of the main results

Let us now say a few words about the proofs of our main results using a priori estim-
ates and degree theory. We focus on the most crucial point that overcomes the obstacles
encountered in previous works: obtaining an a priori Holder estimate for w = (det D?u) ™!
in higher dimensions, once Hessian determinant bounds on u have been obtained. In this
case, global Holder estimates for Du follow. Here, we use a new equivalent form (see
Lemma 2.1) for the singular Abreu equation to deal with the difficulties mentioned in
Section 1.1. In particular, in Theorem 1.1, instead of establishing a Holder estimate for w,
we establish a Holder estimate for 7 = wef (P®)_ The key observation is that 7 solves a
linearized Monge—Ampere equation with a drift term in which the very singular term

div(DF(Du)) = trace(D?F (Du)D?u)
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no longer appears. Thus, the proof of Theorem 1.1 reduces global higher order derivative
estimates for (1.5) to global Holder estimates for linearized Monge—Ampere equations
with drift terms. To the best of the authors’ knowledge, such global Holder estimates in
full generality are not available in the literature. In the case of Theorems 1.2 and 1.3, the
drift terms are also Holder continuous. However, they do not vanish on the boundary and it
seems to be difficult to prove Holder estimates for 7 at the boundary, not to mention global
Holder estimates. We overcome this difficulty by observing that each of our singular
Abreu equations is in fact equivalent to a family of linearized Monge—Ampére equations
with drifts. In particular, at each boundary point x,

7% (x) = w(x)el PubN=DF (Dulxo))-(Du(x)=Du(x0)—F (Du(x0))

solves a linearized Monge—Ampere equation with a Holder continuous drift that vanishes
at xo. This gives pointwise Holder estimates for n*° (and hence for 1) at xo. Combining
this with interior Holder estimates for linearized Monge—Ampere equations with bounded
drifts, we obtain global Holder estimates for 7 and hence for w. Section 3 will discuss all
these in detail.

For the reader’s convenience, we recall the following notion of pointwise Holder con-
tinuity.

Definition 1.7 (Pointwise Holder continuity). A continuous function v € C(Q) is said
to be pointwise C* (0 < o < 1) at a boundary point xo € 9€2, if there exist constants
8, M > 0 such that

[v(x) —v(xg)| < M|x — xo|* forall x € QN Bs(xp).

Throughout, we use the convention that repeated indices are summed.

The paper is organized as follows. In Section 2, we establish a new equivalent form
for singular Abreu equations by transform them into linearized Monge—Ampere equations
with drift terms, and the dual equations under the Legendre transform. Global Holder
estimates for linearized Monge—Ampere equations with drift terms, under suitable hypo-
theses, will be addressed in Section 3. With these estimates, we can prove Theorem 1.1 in
Section 4. The proofs of Theorems 1.2 and 1.3 will be given in Sections 5 and 6, respect-
ively. In the final Section 7, we discuss (1.1) with more general lower order terms, and
present a proof of Theorem 3.2 on global Holder estimates for solutions to linearized
Monge—Ampere equations with a drift term that are pointwise Holder continuous at the
boundary.

2. Equivalent forms of singular Abreu equations

In this section, we derive some equivalent forms for the following general singular Abreu
equations:

{Ui.i Dijw = —div(DF(Du)) + Q(x.u, Du) in €, @.1)

w = (det D?u)~! in Q,
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where U = (UY) = (det D*u)(D?u)~!, F € W2"(R"), and Q is a function on
R” x R x R".

2.1. Singular Abreu equations and linearized Monge—Ampeére equations with drifts
Our key observation is the following lemma.

Lemma 2.1 (Equivalence of singular Abreu equations and linearized Monge—Ampere
equations with drifts). Assume that a locally uniformly convex function u € Wl:’s ()

(s > n) solves (2.1). Then

n= weF(Du)

satisfies
UY Djjn— (det D*u)DF(Du) - Dy = eF P Q(x,u, Du). (2.2)

Proof. Let (u”) = (D?u)~! = wU. By computations using D; U =0 and w =
(det D%u)~!, we have
U7 Djjw = D;(U” D;w) = D; (" D;(logw)) = —D; (u” D;(log det D>u))
and
D;[u" D;(F(Du))] = div(DF(Du)). (2.3)
It follows that equation (2.1) can be written as

D;(u” D;¢) = —Q(x,u, Du) (2.4)

where
¢ = logdet D?u — F(Du).

In other words, in (2.1), the singular term
div(DF(Du)) = trace(D?F (Du)D?u)

can be absorbed into the left-hand side to turn it into a divergence form equation.
Next, observe that { = —logn, and

D;t = —D;n/n = —D;n(det D*u)eF P,
Thus (2.4) becomes
Q(x,u, Du) = —D; (" D;{)
= D; ' (detDzu)e_F(D“)Dm)
— D, (U FPO D,y
=UDj(e FPD,n) (using the divergence-free property of (U'))
= U D;jne~FPW _ yi pine=FP¥ Dy F(Du)Dyju
= U Dijne P — (det D2u)eFP¥ DF(Du) - D

Therefore, (2.2) holds, and the lemma is proved. ]
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Remark 2.2. In general, (2.1) is not the Euler-Lagrange equation of any functional.
However, the introduction of

n — weF(Du) — (det DZM)—leF(DM)
in Lemma 2.1 has its root in an energy functional. Indeed, when Q = 0, (2.1) becomes
D;j(U" (det D*u)~") + div(DF(Du)) = 0,

and this is the Euler—Lagrange equation of the Monge—Ampere type functional
/ (F(Du) — logdet D*u) dx = / log((det D2u)~'eFPW) dx.
Q Q

Remark 2.3. Taking F(x) = |x|?/q with ¢ > 1 in Lemma 2.1 where x € R”, we find
that an equivalent form of

Ui-/Dijw = —div(|Du|?"2Du) + Q(x,u, Du), w = (det D%u)~!,
is
UY Dyjn — (det D*u)| Du|?"2Du - Dy = Q(x,u, Du)e!P*"/4, (2.5)

where

n = weP/4,

Lemma 2.1 shows that n = wef P ”), where u is a solution of (2.1), satisfies a linear-
ized Monge—Ampere equation with a drift term. This fact plays a crucial role in the study
of singular Abreu equations in higher dimensions. Once we have estimates for det D?u
for the second boundary value problem of (2.1), we can estimate u in C 1% (Q) provided
the boundary data is smooth. This gives nice regularity properties for the right-hand side
of (2.2) (and in particular (2.5)) and the drift on the left-hand side. Then higher regularity
estimates for (2.1) can be reduced to global Holder estimates for the following linearized
Monge—Ampere equation with a drift term:

U7 D;in+b-Dn+ f(x) =0. (2.6)

This is the content of Section 3.

2.2. Singular Abreu equations under the Legendre transform

In this section, we derive the dual equation of (2.1) under the Legendre transform in any
dimension. After performing the Legendre transform, the dual equation is still a linearized
Monge—Ampere equation.

Define the Legendre transform u™* of u by

u*(y) =x-Du—u, where y= Du(x)e Q*= Du(Q).

Then
x = Du*(y) and u(x)=y-Du*(y)—u*(y).
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Proposition 2.4 (Dual equations for singular Abreu equations). Letu € ngcs () (s >n)
be a uniformly convex solution to (2.1) in Q. Then in Q* = Du(S2), its Legendre trans-

form u* satisfies the following dual equation:
w* Dy (w* 4+ F(y)) = Q(Du*,y - Du* —u*,y). 2.7
Here (u*") is the inverse matrix of D>u*, and w* = logdet D?u*.

Proof. When (2.1) is the Euler—Lagrange equation of a Monge—Ampere type functional,
we can derive its dual equation from the dual functional as in [28, Proposition 2.1]. Here
for the general case, we prove it by direct calculations. Note that when the right-hand side
has no singular term, the dual equation has been obtained in [18, Lemma 2.7]. We include
a complete proof here for the reader’s convenience.

For simplicity, let d = det D?u and d* = det D?u*. Then d(x) = d*~!(y) where
y = Du(x). We will simply write d = d*~! with this understanding.

We denote by (4/) and (u*"/) the inverses of the Hessian matrices D?u = (D;ju) =
(a)?za’ﬁc ) and D?u* = (Djju*) = (ay 8y ), respectively. Let (U*V) = (det D?u*)(u*V)
be the cofactor matrix of D?u*.

Note that w = d~! = d*. Thus

ow ad* dy,  dod*

Diw=—= _— = Dyiu
/ ox; dyr 0x; e
_ ad*u*kj.
Yk
Clearly,
ad*
-1

d
= — 10 d* - D w*s
Ak 3yk( gd’) vk

from which it follows that
Dy, w = Dy w* (UM,

9 .
Djjw = [ —Djw Ju*'".
it (3y1 ]w)u

UY =det D*u-u” = (d*)"' Dy, u*,

Similarly,

Hence, using

and the fact that U* = (U*¥/) is divergence-free, we obtain

* * 8 *\ — a
UYDijjw = (d*) "' Dy, ) u “a—lejw = (d*) l(gpjw)
J

*\— a *yrxkj *\— xkj *
= (d") IW(Dykw Uiy = (d*)'U Dy, w
J

= u* D;jw*. (2.8)
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On the other hand, by (2.3), we have

div(DF(Du)) = Dy, [u" Dy, (F(Du))] = u*lfi[u;;u*k"i(F(y))]
! ayi Yk

=u*/ Dy, (F(y)). (2.9)
Combining (2.8) with (2.9) and recalling (2.1), we obtain
u*’ Dij(w* 4+ F()) = Q(x,u(x), Du(x)) = Q(Du*,y - Du* —u*,y),

which is (2.7). The lemma is proved. ]

3. Holder estimates for linearized Monge-Ampere equation with drifts

In this section, we study global Holder estimates for the linearized Monge—Ampere equa-
tion with drift

3.1

UVDijv+b-Dv=f inQ,
V=g on 9€2,

where U = (U") = (det D?u)(D?u)~! and b : @ — R" is a vector field.

When there is no drift term, that is, b = 0, global Holder estimates for (3.1) were
established under suitable assumptions on the bounds 0 < A < det D?u < A on the Hes-
sian determinant of u, and the data. In particular, the case f € L"(2) was treated in
[17, Theorem 1.4] (see also [25, Theorem 4.1] for a more localized version) and the case
f € L"?%#(Q) was dealt with in [26, Theorem 1.7].

We wish to extend the above global Holder estimates to the case with bounded drift.
In this case, the interior Holder estimates for (3.1) were obtained as a consequence of the
interior Harnack inequality proved in [20, Theorem 1.1]. Note that Maldonado [29] also
proved a Harnack inequality for (3.1) with different and stronger conditions on b.

Therefore, to obtain global Holder estimates for (3.1) with a bounded drift b, it
remains to prove Holder estimates at the boundary. Without further assumptions on b,
this seems to be difficult with current techniques. However, when b is pointwise Holder
continuous, and vanishes at a boundary point x¢, we can obtain the pointwise Holder con-
tinuity of v at x¢. This can be deduced from the following result, which is a drift version
of [17, Proposition 2.1].

Proposition 3.1 (Pointwise Holder estimate at the boundary for solutions to nonuni-
formly elliptic, linear equations with pointwise Holder continuous drift). Assume that
Q C R” is a bounded, uniformly convex domain. Let ¢ € C*(0R2) for some a € (0, 1),
and g € L™ (). Assume that the matrix (a'’) is measurable, positive definite and satisfies
det(a’) > L in Q. Letb € L®(Q;R"). Letv € C(Q) N w2" (R2) be a solution to

loc

aijD,-jv+b-Dv =ginQ2, v=¢oniQ.
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Suppose there are constants 1, t € (0,1) and M > 0 such that at some xo € 052, we have
[b(x)| < M|x — xo|* forall x € QN B(xp). (3.2)

Then there exist §, C depending only on A, n,a, u,tv, M, ||b|Leo (@) and Q2 such that

min {or, 0}
lv(x) —v(x0)| = Clx — xo| mixii+a ([|@llce@q) + I&llLr (@) for all x € Q& N Bs(xo).

We will prove Proposition 3.1 in Section 3.1.
Once we have the pointwise Holder estimates at the boundary, global Holder estimates
for (3.1) follow. This is the content of the following theorem.

Theorem 3.2 (Global Holder estimates for solutions to the linearized Monge—Ampere
equation with a drift term that are pointwise Holder continuous at the boundary). Assume
that Q@ C R" is a uniformly convex domain with 9Q € C3. Letu € C(Q) N C23(Q) be a
convex function satisfying

A<detD’u<A inQ

for some positive constants A and A. Moreover, assume that u|yq € C3. Let (UV) =
(det D?u)(D?u)~". Let b € L®(Q2; R") with |b|lpec) < M, f € L"(Q) and ¢ €
CY(0Q) for some a € (0, 1). Assume that v € C(Q) N w2 () is a solution to the

loc
following linearized Monge—Ampere equation with a drift term:

UYDjjv+b-Dv=f inQ,
v=g¢ on 0%2.
Suppose that there exist y € (0,a], § > 0 and K > 0 such that
[v(x) —v(xo)| < K|x —xo|¥ forall xg € 02 and x € Q N Bg(xo). (3.3)

Then there exist a constant B € (0, 1) depending on n, A, A, y and M, and a constant
C > 0depending only on @, ulyq, A, A, n, «, v, 8, K and M, such that

[v(x) —v()| < Clx = yBlellce@a) + I fllLn@) forallx,y € Q.

The proof of Theorem 3.2 is similar to that of [17, Theorem 1.4] for the case without
drift. For completeness and for the reader’s covenience, we present the proof in Section 7.

Remark 3.3. It would be interesting to prove the global Holder estimates in Theorem 3.2
without the assumption (3.3).

In Section 3.2, we will apply Theorem 3.2 to establish global Holder estimates for
Hessian determinants of singular Abreu equations provided that the Hessian determinants
are bounded between two positive constants; see Theorem 3.4.

3.1. Pointwise Holder estimates at the boundary

In this section, we prove Proposition 3.1.
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Proof of Proposition 3.1. The proof is similar to that of [17, Proposition 2.1]. Due to the
appearance of the drift b and the pointwise Holder continuity condition (3.2), we include
the proof for the reader’s convenience.
Let
K =|bllLec(@), L = diam(£2).

In this proof, we fix the exponent
y = min{o, u}/2.

However, the proof works for any exponent y € (0, 1) such that y < min {«, i}, and in

i min{or,u} - " y
this case, we replace the exponent e 0 the proposition by 73

Clearly ¢ € CY(0R2) with [l¢|cvpe) < C(a, 1, L)||¢|lcx@g). By considering the
equation satisfied by (¢ |lc» @) + |1gllLr @)~ ' v, we can assume that

leller @) + Igllin@ =1,
and it suffices to prove that, for some § = §(n, A, o, 7, K, M, u, Q) > 0, we have
[v(x) —v(xg)| < C(n, Ao, 7, K, M, u, Q)|x —xﬂﬁ for all x € 2 N Bg(xg).
Moreover, without loss of generality, we assume that
QCR"N{x, >0}, xo=0¢€9Q.

Since det(aij ) > A, by the Aleksandrov—Bakelman—Pucci (ABP) estimate for elliptic,
linear equations with drift (see [14, inequality (9.14)]), we have

on=2 [b|" 1/n
Iollmie = lolioen + dim@ fexp) 2 [ (14 10 ar | -1l

x|—2%
H (det(@ )" || pn gy
<G (3.4)

for a constant Co(n, A, K, L) > 1. Here we have used w, = |B1(0)| and |l¢|lcvoq) +
llgllLn (@) = 1. Hence, for any ¢ € (0, t7),

[v(x) —v(0) £ g] <3Cy =: Cy. (3.5)
Consider now the functions
Yi(x) :=v(x) —v(0) e+ Cix(82)xn,

where
€(82) = (inf {yn : y € 2 N 3B5, (0)}) "

in the region
A= QN Bs,(0),

where §, < 1 is small to be chosen later.



Y. H. Kim, N. Q. Le, L. Wang, B. Zhou 16

The uniform convexity of Q2 gives
inf{y, : y € QN 3Bs,(0)} > C; 182, (3.6)
where C, depends on the uniform convexity of €2. Thus,
K(82) < 2857,

Note that if x € 9Q with |x| < §,(¢) := /¥ (< 1), then from lellcron) <1 we
have
[v(x) —=v(0)] = lp(x) —@(0)] = |x]" <e. 3.7

It follows that if we choose §, < 87, then from (3.5) and (3.7) we have
Y- <0, ¥4 >0 ondd.

From (3.2) we have
[b| < MS; in A4,

and therefore
d'Dijy_ +b-Dy_ = g—Cix(8)b-e, > —|g| — C1C MY in A,

where e, = (0,...,0,1) € R".
Similarly,

a’ Dijyry +b- DYy =g + Cik(82)b e, < |g| + C1C2M85 72 in A.
Again, applying the ABP estimate for elliptic, linear equations with drift, we obtain

Y_ < C(n, A, K, Lydiam(A) | g + C,CaM 85 || 1n(a)
< C3(n, A, K, M, Q, 7, )8 in A.

In the above inequality, we have used ||g||L»(4) < | and

lg + C1CoM 8" 2| pncay < llgllincay + C1CoM 8572 |A"
<Cn, A K, M, Q, 7, )88

Similarly, we have

Yy = —C(n, A, K, L) diam(A)||g + C;CaM 8472\ nca
>—-C3(n,A,K,M,Q,, M)SQ in 4.

We now restrict e < C; VI(=Y) o6 that
81 =&V <[e/Cs]"1.
Then, for §; < 81, we have C38% < ¢, and thus

[v(x) —v(0)| < 2e+ C1k(82)x, in A.
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Therefore, choosing 6, = &1, we find

2C,C
[v(x) —v(0)| <2¢+ Cik(82)xn < 2¢+ 812 zx,, in A.
2
Summarizing, we obtain the inequality
2C,C
lu(x) — v(0)| < 2e + 5‘2 2|x| < 26 + 2C;Coe 27 x| (3.8)
2
for all x, € satisfying
x| < 81(e) := 7, e < ;7Y =gy (3.9)

Let us now choose & = |x|?/7*+2)_Then the conditions in (3.9) are satisfied as long as

x| < min{c§y+2)/y, 1} =:6.

With this choice of §, and recalling (3.8), we have
lv(x) —v(0)] < (24 2C1Cy)|x|"/YF? forall x € Q N Bs(0).

The proposition is proved. u

3.2. Singular Abreu equations with Hessian determinant bounds

In this section, we apply Theorem 3.2 to establish global Holder estimates for Hessian
determinants of singular Abreu equations provided that the Hessian determinants are
bounded between two positive constants. This is the content of the following theorem.

Theorem 3.4 (Holder continuity of Hessian determinant of singular Abreu equations
under Hessian determinant bounds). Assume that Q C R” is a uniformly convex domain
with 3Q € C3. Let F € ngc’r(]R")for some r > n, and let g € L*(Q2) with s > n. Let

¢ € CHQ) and ¥ € C*(Q) with minyg ¥ > 0. Assume that u € W*5(Q) is a uniformly
convex solution to the singular Abreu equation

Ui Dijw = —div(DF(Du)) + g(x) in Q,

w = (det D?u)™! inQ,
U=g¢ on 092,
w =Y on 092,

where U = (UY) = (det D?u)(D?u)~". Suppose that, for some positive constants A
and A,
A<detD’u <A inQ.

Then there exist constants B, C > 0 depending only on Q, ¢, ¥, A, A, n, r, F and
”g”L”(Q) such that

lwllcsg = C.
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Proof. Since F € w" (R™), by the Sobolev embedding theorem we have F € C 1% (R")

loc
where « = 1 —n/r € (0, 1). From the Hessian determinant bounds on u, and u = ¢ on
9Q where ¢ € C*(2), by [27, Proposition 2.6] we have
||u||c1~ao(§) <C(y, (3.10)

where o € (0, 1) depends on A, A and n. The constant C; depends on 2,7, A, A and ¢.
By Lemma 2.1, the function

1(x) = w(x)el PHeD
satisfies
UY D;;n— (det D*u) DF (Du(x)) - Dy = g(x)eF P —: f(x). (3.11)
From (3.10), we deduce that 1|y € C% with estimate
nllceo gy < C«(¥, Cy, F). (3.12)
Step 1: Pointwise Holder continuity of 1 at the boundary. Fix x¢ € 02 and denote
F(y) := F(y) = F(Du(x0)) — DF(Du(xo)) - (y — Du(xo)) for y € R”.

Then
UV D;jw(x) = —div(D F(Du(x))) + g(x) in Q.

By Lemma 2.1, the function
70 (x) = w(x)el P
satisfies

UY D;jn™ — (det D*u)(DF(Du(x)) — DF(Du(xo))) - D™
= g(x)ef PO —: fxo(y) (3.13)

Clearly,
I f*lln (@) < Ca. (3.14)
where C, depends on ||F||C1(BC] oy and |[gllLn (@)
The vector field

b(x) := (det D*u) - (DF(Du(x)) — DF(Du(x)))
satisfies in €2 the estimate
Ib(x)| < A DF || ce s, @) Du(x) — Du(xo)|*
< ACy|[DF||ce (B, op]x — Xol* (3.15)



Singular Abreu equations and linearized Monge—Ampere equations with drifts 19

where
o] = .

We also have 0|3 € C%! (d2) with

I llcer o) = Cala, @, C1. Y. | DF [ caae, (0))- (3.16)

Note that
det(UV) = (det D?u)"~1 > A" 1,

Hence, from (3.13), (3.15) and (3.16), we can apply Proposition 3.1 and find constants
y =ai/(e1+4)€(0,1),

and §, C4 > 0 depending only on n, A, A, o, F, ¢, ¥ and Q such that, for all x € Q N
Bs (xo),

[0 (x) = 1™ (x0)| < Calx — xol” (In*°llcerae) + 1/ L (@)
< Cs|x — xol”, (3.17)

where Cs := C4(Cs + C3).
Due to

n(x) = ng*o (x)eF(Du(xo))+DF(DM(XO))'(DU(X)_DM(XO))’

and (3.10), inequality (3.17) implies the pointwise C? continuity of 7 at xo with estimate
[n(x) = n(xo)| < Cslx —xo]” forall x € 2N Bs(xo), (3.18)

where Cg depends on Q, @, ¥, A, A, n, o, F and || g || (q)-

Step 2: Global Holder continuity of n and w. From (3.18), we can apply Theorem 3.2
to (3.11) to conclude the global Holder continuity of 5. Since w = ne~F Py is also
globally Holder continuous. In other words, there exist a constant 8 € (0, 1) depending
onn,A, A, and F, and a constant C > 0 depending only on 2, ¢, ¥, A, A, n, r, F and
llgll» (%), such that

”w”cﬁ(ﬁ) =<C.

The theorem is proved. ]

4. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 using a priori estimates and degree theory. With
Theorem 3.4 at hand, a key step is to establish a priori Hessian determinant estimates for
uniformly convex solutions u € W#*5(Q) (s > n) of (1.5).

To obtain the latter estimates, we will use the maximum principle and the Legendre
transform; see also [28, Theorem 1.2] with a slightly different proof for the case of F(x) =
|x]19/q (g > 1) and c(x, z) being smooth.
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Lemma 4.1 (Hessian determinant estimates). Let Q C R” be an open, smooth, bounded
and uniformly convex domain. Assume that ¢ € C°(Q) and ¥ € C3(Q) with minygg ¥ > 0.
Letr,s >n. Let F € ngc’r (R™) be a convex function, and c(x, z) be a function on Q@ x R.
Suppose that c(x, z) < 0 with either ¢ € C*( x R) where a € (0, 1), orc(x,z) = c(x) €
L5(R). Assume that u € W*S(Q) is a uniformly convex solution to the second boundary
value problem

U Dijjw = —div(DF (Du)) + c¢(x,u) in <,

w = (det D?u)~! in 2,
Uu=gq on 092,
w =Y on 092,

where (UY) = (det D2u)(D?u)~!. Then
C™' < det D%u < (%n 1//)_1 inQ,
where C > 0 is a constant depending on 2, n, ¢, ¥, F and c. In the case of c(x,z) =
c(x) € L*(R2), the dependence of C on c is via | c||pn (@)-
Proof. From the convexity of F and u, we have
—div(DF (Du)) = —trace(D?F (Du)D?u) < 0.
This combined with c¢(x, u) < 0 yields
U D;jw = —div(DF(Du)) + c(x,u) <0 in Q.

Hence, by the maximum principle, w attains its minimum value in Q on the boundary.
Thus

w>minw =miny >0 in Q.
aQ 191

This together with det D?u = w™! gives an upper bound for the Hessian determinant:
-1
det D*u < C; := (rgsizn w) in Q.

From the above upper bound, by using ¥ = ¢ on dQ2 together with € being smooth and
uniformly convex, we can construct suitable barrier functions to deduce that

sup [u| + [[Du|Leo() < Ca, 4.1)
Q

where C, depends on 7, ¢, ¥ and 2.
We now proceed to establish a positive lower bound for the Hessian determinant.
Let
u*(y) = x - Du(x) — u(x)
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be the Legendre transform of u(x), where
y = Du(x) € Q* := Du(Q).
Then (4.1) implies
diam(Q2") + [[u* || Lo @) < C3(n, ¢, ¥, Q). (4.2)
In view of Proposition 2.4, u* satisfies
w* Dy (w* + F(y)) = c(Du*,y - Du* —u*) in Q*, (4.3)

where
@*) = (D*u*)"!, w* =logdet D*u*.

Note that, for y = Du(x) € dQ* where x € 92, we have
w*(y) = log(det D?u(x))~! = log ¥ (x).

By the ABP maximum principle applied to (4.3), and recalling (4.2), we find

sup(w” + F(y))
Q*
c(Du*,y - Du* —u™)

< sup(w* + F(y)) + C(n,diam(Q%)) —
(det D2y*)~ /"

oQ*

L7 (Q%*)

1/n
= sup(w* + F(»)) + C(n, diam(2")) (/ lc (e, u)|" dx) < Cy,
aQ* Q

where C4 depends on 2, n, ¢, ¥, F and c. Clearly, in the case of c(x,z) = c(x) € L*(R2),

the dependence of C4 on ¢ is via | c||n (). In the above estimates, we have used

c(Du*,y - Du* —u*)
(det D2y*)~1/"

1/n
= (/ ) le(Du*,y - Du* —u*)|" det D?u* dy)

L7 (Q*)

1/n
= (/ le(x, u)|" det D?u* det D%u dx)
Q

1/n
=([ |c(x,u)|”dx) .
Q

supw*(y) = suplogdet D*u* < Cs,
Q* Q*

It follows that

which implies
det D%u > e %5 >0 in Q,

where C5 depends on €2, n, ¢, ¥, F and c. This is the desired positive lower bound for
the Hessian determinant, and the proof of the lemma is complete. ]
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Proof of Theorem 1.1. We divide the proof, using a priori estimates and degree theory,
into three steps. Steps 1 and 2 establish higher order derivative estimates for W (Q)
(s > n) solutions. Step 3 confirms the existence of W*5(Q) or C*#(Q) solutions via
degree theory.

In the following, we fix s > n with the additional requirement that

{s =7 (case (i),

s = min{r, p} (case (ii)).

Step 1: Determinant estimates and second order derivative estimates for uniformly convex
W4S(Q) (s > n) solutions u of (1.5). By Lemma 4.1, we have

-1
2 . .
0<A<detD°u <A := (rglslznt//) in 2, (4.4)

where A depends on 2, n, F, ¢, 1, and either on ¢ in case (i), or on ||c||z» (g) in case (ii).
From (4.4) and u = ¢ on dQ where ¢ € C3(RQ), by [27, Proposition 2.6] we have

lullcreo @y = Cr. (4.5)

where o € (0, 1) depends on A, A, and n. The constant C; depends on 2,5, A, A and ¢.
With (4.4)and F € ngc’r (R™), we can use Theorem 3.4 to find 8¢ € (0,1),and C; > 0
depending on Q,n, F,r, ¢, ¥, c, such that

lwllcso gy < C2(2,n, F.r0,9,¢).

Hence det D%u = w™' € CPo(Q). By the global Schauder estimates for the Monge—
Ampere equation [34,39], we have

lullc2.60 gy = C3(S2,n, F.r,0. 9. ¢). (4.6)
Combining this with (4.4), we find
C; ', < D*u < Cyl, inQ

for some C4(2,n, F,r, ¢, ¥, c) > 0. Here I,, denotes the identity #n x n matrix. In other
words, the linear operator U/ D;; is uniformly elliptic with coefficients U bounded in
Cho(Q).

Step 2: Global higher order derivative estimates for uniformly convex W*5(Q) (s > n)
solutions u of (1.5). Denote the right-hand side of (1.5) by

f = —div(DF(Du)) + ¢(x,u) = —trace(D? F(Du)D*u) + c(x, u). 4.7
Observe that

|[trace(D? F(Du)D?u)||r @) < C(2,n, F, 1,0, ¥,¢). (4.8)
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Indeed,
l[trace(D? F(Du) D*u)||7r () < 1 D*ull ooy | D> F(Du)| 71 ()
<n?Cj / |D2F(Du(x))|"dx (using (4.6))
Q

1
det D2u((Du)~1(y)) dy

= n2C] / ID2F()|"
Du(2)

=wcat [ DO dy

B

1 © (using (4.4) and (4.5))
<C;A7'C(n,Cy, F,r).

We consider cases (i) and (ii) separately.
(1) The case of c € C¥(2 x R). Recall that s = r in this case. We see from (4.8) that
f = —trace(D2F(Du)D?u) + c(x,u) € L*(Q) with estimate

[flls@) = C(.n, For,s,0,9,¢).

By Step 1,
U”Dllwzf il’lQ, w=1ﬁ On3Q,

is a uniformly elliptic equation in w with C#0(Q) coefficients. Thus, from the standard
W 2P theory for uniformly elliptic linear equations (see [14, Chapter 9]), we obtain the
following W25 () estimate:

lwlw2s@) < C(R.n,q9,5,¢,¥,¢).

Now, recalling det D?u = w™! in Q with u = ¢ on 92, we can differentiate and apply the

standard Schauder and Calderén—Zygmund theories to obtain the following global W#:*
estimate of u:
||u||W4.S(Q) <C(Q,n,F,rs,¢,¥,c).

Indeed, for any k € {1, ..., n} by differentiating det D?u = w™!

see that Dy u solves the equation

in the xj direction we

UijDij(Dku) = Dk(w_l) € WI’S(Q)a

which is uniformly elliptic with C Po(Q) coefficients U due to (4.4) and (4.6). Since
s > n, we have Wh$(Q) € C%'17"/5(Q). By the classical Schauder theory (see [14,
Chapter 6] for example), we deduce that Dyu € C>#1(Q) for all k with appropriate
estimates, where ; = min {fo, 1 —n/s}. This shows that u € C3f1(Q) and the coeffi-
cients satisfy U e C1-A1(Q). Next, forany [ € {1,...,n}, we differentiate the preceding
equation in the x; direction to get

UY Dyj(Dgju) = Diy(w™") — DiUY Dyjpu € L5(Q)  forall k,l € {1,...,n}.
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Applying the Calderén—Zygmund estimates, we obtain Dy;u € W25(Q) for all k,[ €
{1,...,n} with appropriate estimates. Consequently, u € W*5(Q) with estimate stated
above.

Moreover, in the particular case that F € C2%0(R"), we find that f € C?(Q) where
y € (0, 1) depends only on «, F, oy, and B¢ with estimate

”f”CV(S_Z) 5 C(Qvn’a’ Q»C~ (pv w) (49)

Thus, we can apply the classical Schauder theory (see [14, Chapter 6] for example) to (1.5)
which, by Step 1, is a uniformly elliptic equation in w with CP0(Q) coefficients. We
conclude that w € C2# (), where B € (0, 1) depends only on 1, y and By, with estimate

lwllc2.8@) < C(2,n,0,a0, F.co,9).

Due to
det D>u = w™! inQ, u=¢ onaiQ,

this implies that u € C*#(Q) with estimate
lullcang < C(Qn,a,a0, F,c.0,9). (4.10)

With this estimate, we go back to f = —trace(D?F(Du)D?u) + c¢(x,u) and find that
we can actually take y = min {«, otp} in (4.9). Repeating the above process, we find that
(4.10) holds for 8 = min {«, ap}.

(ii) The case of c¢(x,z) = c(x) € L?(2) with p > n. Recall that in this case s =
min {r, p}. Then we see from (4.7) and (4.8) that

I fllzs) < (2.1, p, F.r.s,0, 9. |[c|lLr@)-

Arguing as in case (i) above, we obtain the following W estimate of u:

”u”W“Y(Q) = C(Qvn’ P, F,r,s, 0, Y, ”C”LP(Q))'

Step 3: Existence of solutions via degree theory. From the C*# (Q) or W**(Q) estimates
for uniformly convex W#*S() solutions u of (1.5) in Step 2, we can use the Leray—
Schauder degree theory as in [5,22,38] to prove the existence of C*#(Q) or W45 (Q)
solutions to (1.5) as stated in the theorem. We omit the details. ]

5. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. As in the proof of Theorem 1.1 in Section 4, we
focus on a priori estimates for smooth, uniformly convex solutions. The most crucial ones
are Hessian determinant estimates. Without the sign of ¢, we first need to obtain an a priori
L°° bound for u.
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Lemma 5.1 (A priori L* bound for uniformly convex W*" solutions). Let @ C R”

(n > 3) be an open, smooth, bounded and uniformly convex domain. Assume that ¢ €
C3(Q) and € C3(Q) with minygg ¥ > 0. Assume b € L®(2; R"). Suppose that there
exist functions g1, g» € L'(Q) and a constant 0 < m < n — 1 such that

le(x. 2)] = [g1 ()| + |g2(x)| - |2 in Q@ x R. GRY;

Assume that u € W*™(Q) is a uniformly convex solution to (1.6). Then there exists a
constant C > 0 depending on 2, n, ¢, ¥, |[bllLeo(@), 1€1llL1(@) 1182]L1() and m such
that

[ullzoo@) = C.

Proof. From u € W*" () and the Sobolev embedding theorem, we have u € C2(Q).
For a convex function u € C2(Q) with u = ¢ on 9, we have (see, e.g., [18, inequality

2.7

1/n
||u||Loo(ms||¢||Loo<m+a(n,sz,||¢||cz(m>(/m<uj>"d3) L 62)

where u;” = max {0, u,}, v is the unit outer normal of €2 and d S is the boundary meas-
ure. Thus, to prove the lemma, it suffices to prove

/3 ) dS = C@un . v bl e 1@y e sy )

For this, we use the arguments as in [22, proof of Lemma 4.2]. Observe that since u is
convex with boundary value ¢ on 92, we have u,, > —||D¢| Lo (g) and hence

o] <uy +1D@lLe), )" <y + [D@lfeoiqy ondQ.  (5.3)
Let p be a strictly convex defining function of €2, i.e.
Q:={xeR":p(x) <0}, p=00nd2 and Dp # 0ondQ.

Let
=g+ u’-1.

Then, for 4 large, depending on 1,  and [|¢||¢2(g), the function # is uniformly convex,
and belongs to C? (8_2). Furthermore, as in [18, Lemma 2.1], there exists a constant C; > 0
depending only on 1, €2, and ||¢|| c4(&@) such that the following facts hold:

(1) it cagy < C2 and det D?it > C;' > 0in £,

(2) letting @ = [det D2ii] ™!, and denoting by (U*) the cofactor matrix of D2ii, we have
10" Dyjblloeg) < Co.
Let K(x) be the Gauss curvature at x € d2. Since 2 is uniformly convex, we have

0<C Q) <K(x)<C(Q) oniQ. (5.4)
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From [22, (4.10) in the proof of Lemma 4.2] with 8 = 0 and f5 := —Au +b-Du +c¢
which uses (i) and (ii) above , we obtain

Kyul dS < / (Au—b-Du—c)(u—1)dx
0 Q

(n—1)/n
+Cs ( / ()" dS) +Cs. (5.5)
IQ

where C3 depends on C5, €2 and ¢.
We will estimate the first term on the right-hand side of (5.5) by splitting it into three
terms. Firstly, using uAu = div(uDu) — | Du|? and integrating by parts, we have

/Au(u—ﬂ)dxf/uAudx+C2f Au dx
Q Q Q

=/ <pu,,dS—/ |Du|2dx+C2/ u, dS
a0 Q a0

< C(qo,c2>/m luy| dS —/Q|Du|2dx

1/n
< Cy(n,p,Cy) (/ ()" dS) + C4(n, @, Cy) (recalling (5.3)).
Q

(5.6)
Secondly, by integration by parts, we find
/ |Du|? dx = / (div(uDu) —uAu)dx = / ou, dS —/ uAu dx
Q Q aQ Q
< Cs) [ ufds + ulim [ Audx+ Cs(e)
aQ Q
< (Cs+ lule@) [ ufas+ s 57)

In view of (5.7) with (5.2), we can estimate
1/2
b+ Duti =y dx < 1212 bllow @yl owi@ + uleia)( [ 1Dula )

2/n
< Cs+ Cs (/ @hH" dS) , (5.8)
1]

where Cs depends on Q, 7, ¢ and ||b||zo(g), the dependence on ||b||z oo (q) being linear.
Finally, using (5.1) and (5.2), we have

/Q—C(u — ) dx < ([[ulleo@) + lEllze @) /Q(Igll + g2| [ul™) dx

< C + Cllul 73 g,

m+1
n

<C;+C; (/ (u)" dS) . (5.9)
Q

Here C7 depends on 2, 1, ¢, [|g11l.1 (), 182/l11 (@) and m.



Singular Abreu equations and linearized Monge—Ampere equations with drifts 27

It follows from (5.3) that

/ Ky (u)"ds < Cg(Q,go,W)—i-/ Kyu® dS. (5.10)
Q2 Q2

Combining (5.4)—(5.6) and (5.8)—(5.10) while recalling that 0 <m <n — 1 and n > 3,
we obtain

C—I(Q)minw/ whH"dsS < Cg +/ Kyu"dS
Q 90 Q

n—1 m—+1

509[1+(/m(uv+)"ds) ’ +(/m(uv+)"ds) " }

where Cy depends on C3, Cy4, Cg, C7 and Cg. It follows that

/ (uH"ds <c,
191

where C depends on 2, 1, ¢, ¥, |[bllL (@), 181111 (@)- 182111 () and m. The proof of
the lemma is complete. ]

Remark 5.2. We have the following observations regarding the two-dimensional version
of Lemma 5.1.

(i) The above proof fails in two dimensions, because the right-hand side of (5.8) is then
of the same order of magnitude as the left-hand side of (5.5). Therefore, when Cg is
large, plugging (5.8) into (5.5) does not give any new information.

(ii) On the other hand, since Cs depends linearly on ||b||zo(g), in two dimensions one
can still absorb the right-hand side of (5.8) into the left-hand side of (5.5) as long
as ||b||Loo(g) is small, depending on €2, ¢ and V. In this case, we still have an L*®
estimate.

(iii) In Section 6, we will establish an L°° estimate in two dimensions under a stronger
condition on b but allowing ||b|| 0 (q) to be arbitrarily large.

Next, we establish the Hessian determinant estimates.

Lemma 5.3 (Hessian determinant estimates). Let u € W*P(Q) be a uniformly convex
solution to the fourth order equation

n
ZUijDijw=—Au+b-Du+c(x) in Q,
ij=1
w = (det D%u)~! in Q, (5.11)
U=gq on 092,
w =y on 092,

where (UY) = (det D?u)(D?u)~!, mingg ¥ > 0, b € L®(Q;R") and ¢ € LP(Q) with
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D > 2n. Then there exists a constant C > 0 depending on Q, n, p, ¢, ¥, ||b||Leo(q) and

llcllLr ) such that
0<C!'<detD’u<C inQ.

Proof. The proof uses a trick in Chau—Weinkove [5]. For simplicity, denote
d:=detD?>u and u")= (D*u)"'.

Let
G = deMu2

where M > 0 is a large constant to be determined. By Lemma 5.1, we have
[ull Lo () < Co,

where Co > 0 depends on 2, 1, ¢, ¥, [[bl|Lo () and [|c][L1(g)-
Since w = d ™1, we have w = G~1eM¥ Direct calculations yield

Diw = —G2D;GeM"** 4 2MuDuG ' eM*’,
Dijw = 2G™3D;GD;Ge™** — G™2D;; GeM*’
—2MuD;uD; GG 2eM** —2MuD;uD; GG 2eM*’
+ 2MD;uD;uG " M L 2MuD;;uG ' eM*’ 4 aM>u? D;uD;uG " M

Then, using Uil G=1eM¥? — i/ | we have
UYDijw =2G"2u"D;GD;G — G 'u"’ D;; G — 4MuG~"u"’ D;uD;G
+ 2Mu” DjuDju + 2Mnu + 4M>*u*u”’ D;uD;u
= G *u" D;GD;G +u”’ 2MuD;u — G™'D;G)2MuD;u — G™'D;G)
~ G 'Y Di;G + 2Mu" DjuDju + 2Mnu
> —G W D;;iG + 2MuijDiuDju +2Mnu.
Thus, from the first equation in (5.11), we obtain
G "W D;;G > 2Mu" D;uDju +2Mnu + Au —b - Du —c.
Using the matrix inequality (see, for example, [20, Lemma 2.8 (c)])

|Dv]*>  _ |Dv]?
trace(D2u)  Au

u”’ DivDjv >

together with Au > nd /", we find that

g Dul> 1 1
GfluUDijG 22M|A—u| + 5Au—b-Du+ 5Au+2Mnu—c
u

> 2/ M|Du| — |b| - |Du| + (n/2)d " + 2Mnu — ¢
> —(¢c—2Mnu— (n/2)d"™*T inQ (5.12)
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provided
2
M = ;|| oo (-

Hence, by the ABP estimate applied to (5.12) in 2 where G = ¢~ 'eM ¢* on 92, we have
c—2Mnu — (n/2)d"/™)*
[det(G=1(D2u)=H]V" | 1n(q)

deM’ (¢ —2Mnu — (n/2)dV/™)*
d—1/n

supG < sup(l//_leM“’z) +C(n,
Q IQ

= sup(lﬁ_leM"’z) +C(n, Q)
aQ

L7 (S2)
< sup(y'eM?’) 4 Cy|d V(e —2Mnu — (n)2)d ) ). (5.13)
Q

Here C; depends on n, 2 and Cy (via ||u||Loo(g)). Note that, for any po > n, we have

[d' V" —2Mnu — (n/2)d ™) F || Ln (g

1/n
< (/ A" (c —2Mnu)" dx)
{c=2Mnu=>(n/2)d'/n}
— YMnu)Po—" 1/n
5(/ d”+1(c—2Mnu)"% )
{(c—2Mnu>(n/2)d1/n} [(n/2)d/n]po=n

—n 1/n
- (/ d"POINF2 (e ) My PO dx) . (5.14)
{c—2Mnu>(n/2)d!/n}

We now choose pg such that

=(n/2

2n < po < min{n(n + 2), p}.

Lety =1-— 5—‘2) + % Then 0 < y < 1. Moreover, from (5.13) and (5.14), we have

1/n
supG < C + C(/ d™(|c| + |ul)P° dx)
Q Q
) 1/n
<C+ c(/ (deM* Y (|e|? + 1)dx)
Q

<C2+C2 squ (/ (lel? + 1)dx) n.
Here C, depends on 2, M, ¢, ¥, Cy, y and p. It follows that
SI;ZPG < G3(Co, y, licllLr ()
Since G = deM"z, we also get an upper bound for d = det D?u:

det D>u < C; in Q.

It remains to establish a positive lower bound for det D?u.
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Once we have the upper bound of the Hessian determinant of u, using u = ¢ on 92
and a suitable barrier, we obtain

sup [u| + sup | Du| < C4(C3, ¢, Q).
Q Q

Then we can apply the Legendre transform to get a lower bound of the determinant.
According to Proposition 2.4, the Legendre transform u* of u satisfies

u*¥ D (w* + |y2/2) = b(Du*) -y + ¢(Du*) in Q* := Du(Q),
where (u*/) := (D?u*)~! and w* := logdet D?u*. Applying the ABP estimate to w* +
|y|?/2 on Q*, and then changing variables y = Du(x) with dy = det D?u dx, we obtain
sup(w” + yI?/2)
b(Du*) -y + c¢(Du*)
(detu*ij)l/n

[b(Du) -y +cDuA" |\
(det D2y *)~1 Y

< sup(w* + |y|?/2) + C(n) diam(Q*)
IQ*

L™ (Q*)

sCW£o+ama(L*

1/n
=C(Y,Cys) + C(n, C4)(/ |b- Du + c(x)|" dy)
Q
< C.Cy) +C(n, C4)<||b||L”(S2) Slslzp |Du| + ||C||Ln(sz))-

In particular, we have

supw* < Cs,

Q*
where Cs > 0 depends on 2,1, ¢, ¥, ||b|| Lo () and ||c||Lr(g). Since w* = logdet D?u*,
the above estimate gives a lower bound for det D?u:

det D%u > e % in Q,
completing the proof of the lemma. ]

Remark 5.4. If there is no first order term b - Du on the right-hand of (1.6), we can
directly obtain Hessian determinant bounds by the same trick as in the proof of Lemma 5.3
without getting an a priori L* bound of u. Moreover, these bounds are valid for all
dimensions.

Proof of Theorem 1.2. The proof uses a priori estimates and degree theory as in the proof
of Theorem 1.1. We obtain the existence of a uniformly convex solution in C*%(Q) in
case (i), and in W*?(Q) in case (ii), with the stated estimates provided that we can
establish the latter estimates for W#2(Q) solutions. Thus, it remains to establish these
a priori estimates.

Assume now u € W*?(Q) is a uniformly convex smooth solution to (1.6). By
Lemma 5.1 and the assumption on ¢ in either (i) or (ii), we can obtain Hessian determ-
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inant estimates for ¥ by Lemma 5.3. Once we have those estimates, Theorem 3.4 applies
with

F(x) =1|x|?/2 and g(x) =b(x)- Du(x) + c(x).
This gives Holder estimates for w. The rest of the proof of Theorem 1.2, which is con-

cerned with global higher order derivative estimates, is similar to Step 2 in the proof of
Theorem 1.1 (i, ii). We omit the details. ]

Remark 5.5. In two dimensions, when ||b|| e (q) is small, depending on €2, ¥ and v,
the conclusions of Theorem 1.2 still hold. Indeed, in this case, by Remark 5.2, we still
have the L*° estimate of Lemma 5.1. The conclusion of Theorem 1.2 then follows.

6. Proof of Theorem 1.3

In this section, we will prove Theorem 1.3. As in the proof of Theorem 1.1, it suffices to
derive a priori estimates for W*7 () solutions. Here, we recall that

p>2.

Theorem 1.3 can be deduced from the following result.

Theorem 6.1 (A priori W*?(Q) estimates for W*? () solutions). Let @ C R?, ¢, ¥,
b and ¢ be as in Theorem 1.3. Assume that u € W*P(Q) is a uniformly convex solution
to (1.6). Then

lullwa.r@) < C,

where C > 0 is a constant depending on 2, p, ¢, ¥, b and c.

The rest of this section is devoted to the proof of Theorem 6.1.
We will first obtain an L°° bound of u and an L2 bound of Du. For this, the following
Poincaré type inequality will be useful.

Lemma 6.2 (Poincaré type inequality on planar convex domains). Let Q@ C R? be an
open, smooth, bounded and uniformly convex domain. Assume that u € C'(Q) N C(Q)
and u|yq = ¢. Then

d 0)2
/ uP? dx = Cly. diam(@)) ey + Tt / |Dul? dx.
Q

Proof. Note that for any one-variable function f € C!(a,b) N C°[a, b] where a < b, one
has

b
/ f) dx
’ ~ (b —a)? )
< b= )@+ 1 ODIf lzon + If(x)l dx.  (6.1)
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Indeed, denoting ¢ := ”+b , then using Holder’s inequality and Fubini’s theorem, one

obtains

[1rwpras = [ r@ese - sayas+ [ 1o dz)2 dx
< 2=l @ I o~ =@+ [ @=a [ 170 drax
=2~ @@ Il — e~ /@ + [ 170F [ @ -wdxar
< 2c =@ wian ~ e~ f@? + S8 [P an

(b-a)?

b
=G -alf@l-Iflre@s + —

C
f /P dx. 6.2)
a
Similarly, we have

(b —a)

b b
/ F@)Rdx < b —a)f®)] - | f Lo + [ S0 Pdx. (63)

Combining (6.2) with (6.3), we obtain (6.1).
Next, by the convexity of €2, we can assume that there are ¢, d € R and one-variable
functions a(x1), b(x1) such that

Q ={(x1,x2) :c <x1 <d, a(xy) < x3 <b(x1)}.

It is clear that d — ¢ < diam(2) and b(x1) — a(x1) < diam(L2). Then, by (6.1) andu = ¢
on 052, we have

b(x1)
/ [t x2)P s < 2diam(R) ¢ ooy 2o
a

(x1)
diam(£2)2 /bW
_l’_ -
a

|Dyx,u(xy, xz)|2 dx,.
8 &1

Integrating the above inequality over ¢ < x; < d yields

diam(Q)?

/;z lul*> dx < 2diam(Q)?||@|lLoo) U]l Loy + g

/ Dy ul>dx. (6.4)
Q
Similarly,
) diam(Q)?
Combining (6.4) and (6.5), we obtain

, dlam(Q)2
/Q |u? dx < 2diam(Q)?[l¢||Loo (o) [ullLoo @) + ———— / |Dul? dx,

completing the proof of the lemma. ]
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6.1. Estimates for supg |u| and | Dul|2(q)
Now we derive bounds for u and || Du/|2(q)-

Lemma 6.3 (L and W12 estimates). Let Q C R?, ©, ¥, b and c be as in Theorem 1.3.
Assume that u € W4P(Q) is a uniformly convex solution to (1.6). Then there exists a
constant C > 0 depending on Q, ¢, ¥, b and |[c| 1 (q) such that

lullLoo@) = € and ||Dullp2@g) < C.

Proof. To prove the lemma where n = 2, by (5.2) and (5.7) it suffices to prove

/3 1245 £ C@g. v el 6.6)

where v is the unit outer normal to 0€2.
Let u be as in the proof of Lemma 5.1 so that (i) and (ii) there are satisfied. Let K(x)
be the Gauss curvature at x € d2. Then, as in (5.5), we have, for some C1(£2, ¢) > 0,

1/2
Kyu?dS 5/ (Au—b-Du—c)(u—1i)dx +cl(/ uﬁds) +C;.
Q a0
(6.7)
Next, we will estimate the RHS of (6.7) term by term. First, from the inequality before
last in (5.6), we have

1/2
/ Au(u—u)dx < C(Q,(p)(/ uf dS) —/ |Dul|*dx. (6.8)
Q Q Q

Using u = ¢ on 0%, and integrating by parts, we get

/(b-Du)ﬁdx:/(bﬁ)-Dudx
Q Q

i

=/ uﬁb-vdS—/ div(bi)u dx

IQ Q

=/ goﬁ(b-v)dS—/(b-Dﬁ—l—ﬁdivb)udx
IQ Q

1/2
§C2(1+||u||L°°(Q))§C3+C3( / uidS) .69
I

where C3 depends on €2, @, supyq |b|, ||b||zoo () and ||div b||zeo ().
Moreover,

1 1
/ —(b-Duw)udx = —/ —b-DW?)dx = —[/ (divb)u? dx —/ uzb-vdS]
Q 2 Ja 21Ja IQ
Note that divb < 32/diam($2)2. Then by Lemma 6.2 and (5.2), we have

1
5[ (divb)u? dx < C(p,diam(82)) [|u|| Lo (q) +/ | Du|* dx
Q Q

1/2
§C(Q,¢)+C(Q,<p)(/ ufds) +/ |Du|* dx.
aQ Q



Y. H. Kim, N. Q. Le, L. Wang, B. Zhou 34

Hence

1
/—(b-Du)udx:—[/ (diVb)uzdx—/ (pzb-vdS:|
Q 2lJa Elo)
1/2
§C4+C4(/ uﬁds) +/|Du|2dx, (6.10)
aQ Q

where C4 depends on €2, ¢ and supyg |b|.
Finally, as in (5.9), we get

1/2
/—c(u—ﬁ)dxsz—i—Cs(/ ufds) , (6.11)
Q Q

where Cs depends on €2, ¢ and |[c| 1 ()
Combining (6.7)—(6.11), we obtain

1/2
c—l(g)infw/ uﬁdSE/ Kwu3d55c6[1+(/ u,z,dS) ]
o Q Q 092

where Cs > 0 depends on 2, ¢, ¥, b and ||c| 11 (). From this, we deduce (6.6), complet-
ing the proof of the lemma. u

6.2. Hessian determinant estimates for u

Lemma 6.4 (Hessian determinant estimates). Let  C R2, ¢, ¥, b and ¢ be as in The-
orem 1.3. Assume that u € W*P(Q) is a uniformly convex solution to (1.6). Then

0<C™'<detD’u<C inQ,
where C > 0 is a constant depending on 2, ¢, ¥, b and ||c||12(g)-

Proof. We first prove the lower bound of det D?2u. Note that in two dimensions, we have
trace U = Au. Hence we can rewrite the first equation in (1.6) as

U7 Dij(w + |x|/2) = b(x) - Du(x) + c(x) =: Q(x) in Q. (6.12)

By Lemma 6.3, we have
1212 = Co.

where Cy depends on €2, ¢, ¥, b and |[¢||12(q)-
Applying the ABP estimate to (6.12) and using det U = det D?u, we have

0
sup(w + |x[2/2) < su +C(Q)+C(Q)H—
Qp I/ asg)w (detU)V/2 | 12(q)

< C(2.9) + C(Q)Qll2(q) - sup (det D?u)~'/?
Q

1/2
< C(@.9) + C(@)(supw)
Q
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Therefore supg w < Cy, where C; depends on 2, ¢, ¥, b and ||c||12(g). Consequently,
detD*u>C;' >0 inQ. (6.13)

Hence by the boundary Holder estimate for solutions of nonuniformly elliptic equations
[17, Proposition 2.1], we know from (6.12) that w is Holder continuous on 92 with
estimates depending only on Cp, €2 and . Then by constructing a suitable barrier near
the boundary as in [18, Lemma 2.5], we can obtain

| Dullpo0(@) < Ca,

where C; depends on Cy, 2, ¢ and .
The upper bound of the Hessian determinant can be obtained similar to Lemma 5.3.
Let u*(y) be the Legendre transform of u(x) where

y = Du(x) € Du(Q) =: Q*.

Then
diam(Q*) < C,.

By Proposition 2.4 (with F(x) = |x|?/2), u* satisfies
U* Djj(—w* —|y|*/2) = —Q(Du*)det D*u* in Q*, (6.14)

where (U*") := (det D?u*)(D?u*)~! and w* = logdet D?u*.
Applying the ABP maximum principle to (6.14), and recalling that

w*(y) = log(det D?u(x))™! = logw(x) = log¥(x) ondIQ*,
we obtain
sgg(—w* —y1?/2)
< sup(—w* — |y[*/2) + C(diam(2%))[| @ (Du*)(det D*u*)"/?|| 12w
aQ*
< —logminy + C(C)| 2l 0.
where we have used

/ [0(Du*)]? det D?u* dy :/[Q(x)]zdetDzu*detDzudx
Q* Q

= [ 100 4 = 101 gy

Therefore,
sup(—w™) < Cs,
Q*

where C3 depends on Cy, C, and minyg ¥. This implies w* > —C3 in %, and hence
det D*u < ¢® in Q. (6.15)

The lemma follows from (6.13) and (6.15). ]
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6.3. Proof of Theorem 6.1

Finally, we can prove Theorem 6.1 which implies Theorem 1.3.

Proof of Theorem 6.1. Once we have the determinant estimates, we can establish higher
estimates by using the regularity of the linearized Monge—Ampere equation with drift
terms as in Sections 4 and 5. In two dimensions, we can also establish these estimates as
in [22].

By Lemma 6.4, we have

0<A<detD’u<A inQ (6.16)

for A, A depending on 2, ¢, ¥, b, p and ||c||Lr(gq). By the interior W21*¢ estimates

for Monge—Ampere equations [8, 13, 35], we have D2y e Lllojs(Q) for some constant

e(A, A) > 0. By the global W2:17¢ estimates for Monge—Ampere equations [33], there
exists a constant Cy > 0 depending on 2, ¢, ¥, b, p and ||c| »(g) such that

||M||W2.I+E(A.A)(Q) < Co.
Letg := min{p, 1 4+ e(A, A)} > 1. Then
G:=—Au+b-Du+c

satisfies
1GllLe@) < Ci,

where C; > 0 depends on 2, p, ¢, ¥, b and ||c||L»(q). Recall that
Ui'iDijw =GonQ, w=1yond.

By the global Holder estimate for linearized Monge—Ampere equations [26] with L?
right-hand side where ¢ > n/2, we deduce

[wllce@ = C(. 0. ¥, p.b.c),

where a € (0, 1) depends on , ¢, ¥, p, b, c. The proof of the W*:?(Q) estimate for u is
now the same as that of Theorem 1.1 (ii). Hence, the theorem is proved. [
7. Extensions and the proof of Theorem 3.2

In this section, we discuss (1.1) with more general lower order terms, and present a proof
of Theorem 3.2 for completeness.

7.1. Possible extensions of the main results

The following remarks indicate some possible extensions of our main results.
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Remark 7.1. From the proofs in Sections 4-6 and the L*° estimates in Lemma 5.1, it
can be seen that some conclusions of Theorems 1.1-1.3 also hold for more general cases
of ¢ = ¢(x, z). Consider, for example,

c(x,z) = g1(x) + g2(x)h(2).

Then the following facts hold:

(1) The conclusions in Theorem 1.1 (ii) hold when g; <0, g» <0, g1, g2 € L?(2) with
p >n,and h > 0 with h € C*(R).

(2) The conclusions in Theorem 1.2 (i) hold when g;, g2 € C*(Q) and h € C*(R) with
|h(z)| < C|z|" for0 <m <n—1.

(3) The conclusions in Theorem 1.2 (ii) hold when g1, g, € L?(2) with p > 2n, and
h e C*R) with |h(z)| < C|z|" forO <m <n — 1.

(4) The conclusions in Theorem 1.3 hold when g1, g, € L?(2) with p>2,and he C*(R)
with |h(z)| < C|z|™ for0 <m < 1.

Remark 7.2. Since we use the trace of b on 02 in (6.9), it is natural to have
b € C(22; R"). It would be interesting to obtain the conclusion of Theorem 1.3 for such b
instead of b € C1(Q; R").

7.2. Global Holder estimates for pointwise Holder continuous solutions at the boundary

In this section, we prove Theorem 3.2. The proof is similar to that of [17, Theorem 1.4]
for the case without drift. For completeness, we include the proof which includes the
following ingredients: interior Holder estimates for linearized Monge—Ampere equations
with bounded drifts, and rescalings using a consequence of the boundary localization
theorem for the Monge—Ampere equation which we will recall below.

Under the assumption A < det D?u < A, the linearized Monge—Ampere operator
U D;; is elliptic, but it may be degenerate and singular in the sense that the eigen-
values of U = (U%) may tend to zero or infinity. To prove estimates for the linearized
Monge—Ampere equation that are independent of the bounds on the eigenvalues of U, as
in [3] and subsequent works, we work with sections of u instead of Euclidean balls. For a
convex function u € C! (S_Z) defined on the closure of a convex, bounded domain Q C R”,
the section of u centered at x € Q with height 4 > 0 is defined by

Su(x,h) :={y € Q:u(y) <u(x)+ Du(x)-(y —x) + h}.

Before proving a global Holder estimate, we recall the interior Holder estimate. The
following interior Holder estimate for nonhomogeneous linearized Monge—Ampere equa-
tions with drift is a simple consequence of the interior Harnack inequality proved in [20,
Theorem 1.1]. In [29], Maldonado proved a similar Harnack’s inequality for linearized
Monge—Ampere equation with drift terms with different and stronger conditions on b.
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Theorem 7.3 (Interior Holder estimate for nonhomogeneous linearized Monge—Ampere
equations with drift terms [20]). Suppose that u € C2(R) is a strictly convex function in
a bounded domain Q C R" with section S,(0, 1) satisfying

B, (0) C S4(0,1) C B, (0)
for some positive constants r1 < r,, and with Hessian determinant satisfying
A<detD*’u<A inQQ,

where A and A are positive constants. Let (UY) := (det D?u)(D?u)™'. Let b :
S4(0,1) — R" be a vector field such that ||b||Loo(s,0,1)) < M. Letv € Wlin (S, (0, 1))
be a solution to

UPDijjv+b-Dv=f inS,0,1).

Then there exist constants Bo, C > 0 depending only A, A, n, ry, ry and M such that

[v(x) —v()| < Clx = yP(lvllzoocsy o, + I f L1 (su0.1))
forall x,y € S,(0,1/2).

To bridge the interior Holder estimates in Theorem 7.3 and the boundary Holder
estimates in (3.3), we need to control the shape of sections of the convex function u that
are tangent to the boundary 0€2. The following proposition, proved by Savin [33] (see
also [27, Proposition 3.2]), provides such a tool. It is a consequence of the boundary loc-
alization theorem for the Monge—Ampere equation, proved by Savin [32, Theorem 2.1],
[34, Theorem 3.1].

Proposition 7.4 (Shape of sections tangent to the boundary, [33]). Assume that Q@ C R”"
is a uniformly convex domain with Q2 € C3. Let u € C(Q) N C2(2) be a convex function
satisfying

A<detD*’u<A inQ

for some positive constants ). and A. Moreover, assume that u|yq € C3. Assume that
for some y € Q the section S,,(y, h) C Q is tangent to 02 at some point xo € 0S2, that
is, 38, (y, h) N IR = x¢ for some h < ho(A, A, Q, ulyq,n). Then there exists a small
positive constant ko depending on A, A, Q,u|yq and n such that

koEp C Su(y.h) —y Chko En,  koh'? < dist(y, dQ) < kg 'h'/?,
where Ej, 1= hl/zA;1 B1(0) is an ellipsoid with Ay, being a linear transformation with
4Rl 1451 < ko' logh],  det 4 = 1.
Now, we are ready to prove Theorem 3.2.

Proof of Theorem 3.2. The equation satisfied by (||¢|ce@q) + |/ |lLr)) v shows
that we can assume that

lellce@e) + 1./ llLn@) =1,
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and we need to show that
||v||C5(S_2) S C(Av A?”va’ Qv u|6$2, )/7 87 K5 M)

for some B € (0, 1) depending onn, A, A, Q,u|yq, y and M.

Step 1: Holder estimates in the interior of a section tangent to the boundary. Let y € Q
with
r=ry:=dist(y,0Q) < c1(n,A, A, 2, ulyq),

and consider the maximal interior section S, (y, &) centered at y, that is,
h = hy :=sup{t:Sy(y,t) C Q}.

By Proposition 7.4 applied at the point x¢ € 0.5, (y, ) N I, we can find a constant
ko(n, A, A, 2, ulyq) > 0 such that

koh''? < r < kg'h'/?, (7.1)
and Sy (y, h) is equivalent to an ellipsoid Ej, that is,
koEn C Su(y.h) =y C ko' Ep,
where
Ep = h'24; B (0) with [|Apll, |4, ]| < ko'llogh|, detd, =1.  (7.2)

Let
T%:=y+h'24;'%.

We rescale u by setting
1
u(x) = 3 u(Tx) —uly) — Du(y) - (Tx — y)].

Then
A <det D%i(%) < A,

and
Biy(0) C 81 C Bi1(0), S1:= Sz (0.1) = h ' P4, (Sur. ) —y).  (13)
Define the rescalings v for v, b for b, and g for g by
5(%) = v(T%) —v(xg), b(F):=h"24,b(T%), &) :=hg(TX), %e€S.
Simple computations give

Di(%) = h'2(A4; 1) Du(TF),
D?i(%) = (A, D*u(TX) A", D*3(X) = h(A4,") D*v(T%)A; ",
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and the cofactor matrix U = (U of D2ii satisfies
U (%) := (det D2i1)(D%i)~! = (det D>u) A, (D%u) "' (4p)" = ARU(TX)(Ap).
Therefore, we find that
U D;; = trace(U D?%) = h(UY D;jv)(T%) in S;.
It is now easy to see that v solves
UYDyjo+b-Di=g inS).
Due to (7.2), and the smallness of / (see (7.1)), we have the bound
Bl oo g,y < ko 7/?[log b - [l Loo(s, (v < ko ' h*?[logh|M < M.

Now, we apply the interior Holder estimates in Theorem 7.3 to v to obtain a small constant
B € (0,1) depending only on n, A, A, kg and M such that

5(21) — 5(Z2)| < Cr(n, A A M)|Z1 = Z2)P (15| poo s, ) + 18]l ns,)t

forall Z;,2Z;, € 5’1/2 1= S;(0,1/2). By (7.3), we can decrease f in the above inequality
if necessary, and thus assume that

28 <.
A simple computation using (7.2) gives

12115,y = "2 l1El (s (-

Moreover, from (7.1) and (7.2), we infer the following inclusions regarding sections and
balls:

Bczr/\logr\(y) C Su(y.h/2) C Suly.h) C BCﬂIlong()’) (7.4)

for some ¢, € (0, 1) and C, > 0 depending on n, A, A, 2, u|yn. We also deduce that

diam(Sy (y,h)) < C(n, A, A, Q,ulpq)r|logr| < §
if

r<cs(n,A, A, Q2,ulpq,d).

We now consider r satisfying the above inequality. By (3.3), we have

150 oogs,y < K diam(Su(y. 1)? < Ca(rllogr)”.
where C3 = C3(n, A, A, Q2,ulyq, v, K). Hence

5(Z1) — 5(Z2)| < CalZ1 — 2P {(rllogr)” + 12 gllLrs,cr.m))

forall Z;,2, € 51/2, where Cqy = C4(n, A, A, Q2,ulyq,6,y, K, M).
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Each z € S,(y, h/2) corresponds to a unique Z = T~ !z ¢ 5'1/2. Rescaling back,
recalling 28 < y, and using Z; — Z, = h~Y/24;,,(z; — z,) and the fact that

|21 — 22| < B2 45 |21 — 22
< ky'hY2(logh| |z; — 22| < Cs(n, A, A, Q. ulaq)rlogr||z1 — 22l

we find
lv(z1) —v(z2)| < |21 —22|ﬂ forall zy,z5 € Sy (y,h/2), (7.5)

provided that r = r, < c3 < 1 is small

Step 2: Global Holder estimates. We now combine (7.5) with (3.3) and (7.4) to prove
lvllca@ = Cn A, A Q ulpg. . 8.y, K, M).
Indeed, as in (3.4), there exists a constant Cy(n, A, M, diam(£2)) such that
[vllLee@) < Cx. (7.6)

It remains to estimate |v(x) — v(y)|/|x — y|# for x and y in Q. Let r, = dist(x, 92)
and r, = dist(y, 0Q2). Assume, without loss of generality, that r, < ry. Take xo, yo € 92
such that

rx = |x —xo| andr, = |y — yol.

From (7.6) and the interior Holder estimates in Theorem 7.3, we only need to consider
the case ry, < ry < c¢3 < 1. Consider the following cases.

Case 1: |x — y| < cary/|logry|. In this case, by (7.4), we have

Y € Beyry /llogry|(X) C Su(x,hx/2),

where
hy :=sup{t : Sy(x,t) C Q}.

In view of (7.5), we have
P —vO)l _

|x — ylf
Case 2: |x — y| = cary/|logry|. In this case, we have
rx562_1|x—y||10g|x—y||. (7.7)
Indeed, if
1>re > |x—y||10g|x—y|‘ > |x —y|
then

1 1
re < —|x — y|llogry| < —|x — y| [log|x — y||.
(&) (&)
Due to (7.7), we have

IXo = Yol < rx + [x = y| + ry < Celn, A, A, Q. ulse)|x — y| [log|x — y||.
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Therefore, by (3.3), |l¢llcepg) < 1 and 28 < y < o, we obtain

lv(x) —v(¥)] < [v(x) —v(x0)| + [v(x0) = v(Yo)| + [v(yo) — V(Y]
< C(r} +|xo—yol* + 1))
< C(jx — yl [loglx — yl|)” = Clx = yIP,

where C = C(n, A, A, o, Q, ulyq, 8, y, K, M). This gives the desired estimate for
lv(x) —v(y)|/|x — |# in Case 2.
The proof of the theorem is complete. ]
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