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Abstract

In this paper, we study interior estimates for solutions to linearized Monge—Ampere equations
in divergence form with drift terms and the right-hand side containing the divergence of a
bounded vector field. Equations of this type appear in the study of semigeostrophic equations
in meteorology and the solvability of singular Abreu equations in the calculus of variations
with a convexity constraint. We prove an interior Harnack inequality and Holder estimates for
solutions to equations of this type in two dimensions, and under an integrability assumption on
the Hessian matrix of the Monge—Ampere potential in higher dimensions. Our results extend
those of Le (Graduate studies in mathematics, vol 240, American Mathematical Society,
2024) to equations with drift terms.

Mathematics Subject Classification 35J15 - 35J70 - 35J75

1 Introduction and statements of the main results

In this paper, we are interested in the interior estimates for solutions u# : & — R to linearized
Monge—Ampere equations of the form

—div(®PDu +uB)+b-Du = f —divF (1.1)

in a bounded domain Q C R”, n > 2, where b, B, F: 2 — R” are bounded vector fields,
feL" and

® = (D)4 j<n = (det D?p)(D*p) " (1.2)

is the cofactor matrix of the Hessian matrix

82(,0
D*¢ = (Dij@)1<i jen = < ) .
dx;0x; 1<i,j<n
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Here ¢ is a C3 convex Monge—Ampere potential satisfying
0<i<detD’¢p <A inQ. (1.3)

As the cofactor matrix @ is divergence-free, that is, D;®/ = 0 for all Jj, the left-hand
side of (1.1) can also be written in nondivergence form and we have

—<I>ijDiju + (b —B)- Du— (divB)u = f —divF.

We will focus on the divergence form and the case when F # 0, and obtain interior estimates
for u using its integral information.

1.1 Linearized Monge-Ampére equations

Linearized Monge—Ampere equations arise in several contexts such as affine maximal surface
equation in affine geometry [50-52], Kidhler metrics of constant scalar curvature in complex
geometry [9, 10, 13, 14], solvability of Abreu type equations in complex geometry and in
the calculus of variations with a convexity constraint [1, 7, 8, 23, 28, 29, 35, 54, 55], and
semigeostrophic equations in meteorology [2, 15, 26, 36].

For a strictly convex function ¢ € C? () satisfying (1.3), the cofactor matrix & is positive
definite, but we cannot expect structural bounds on its eigenvalues. Hence, the linearized
Monge—Ampere operator is an elliptic operator that can be degenerate and singular.

Starting with the seminal result of Caffarelli-Gutiérrez [6] on the homogeneous equation

" Djju = div(®Du) =0,

linearized Monge—Ampere equations have been studied by many authors [17, 18, 25, 30, 32—
34,37-39, 45,47]. The term div F in (1.1) appears in the study of semigeostrophic equations
in meteorology. Specifically, we have equations of the form

div(®Du) = divF. (1.4)

See [36, equation (13)], [26, equation (1.5)] and [31, equation (15.51)].

For equations of this type, Loeper [36] proved the Holder estimate of solutions using
integral information of 1 under the assumption that det D¢ is close to a constant. Roughly
speaking, Loeper needed this condition to apply the results of Murty-Stampacchia [43] and
Trudinger [49]; see Sect. 1.3 for more information. Le [26] proved the same result when
n = 2 with just the assumption in (1.3). Le [31, Theorem 15.6] also proved the Holder
estimate when n > 3 under an integrability assumption on the Hessian matrix D¢, that is,
D?¢ e L* for s > n(n — 1)/2. This equation was also studied by Wang [53], where the
Holder estimate is proved under an integrability assumption on (D2¢)!/2F; more precisely,
when (D?¢)!/?F € L1, ¢ > n.In Wang [53], the upper bound for the Hélder norm contains
the L norm of the solution u, while in Le [31], the L? norm (p > 1) is used.

The main difference between (1.1) and (1.4) is the existence of drift terms — div(zB) and
b - Du. When F = 0, equations of the form (1.1) with nonzero drift terms (b, B # 0) have
been studied by Maldonado [37, 40, 41] and Le [27, 30]. These appear in the solvability of
singular Abreu equations in higher dimensions in complex geometry and in the calculus of
variations with a convexity constraint [23, equations (2.2) and (2.5)].
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1.2 The main results

In this paper, we will consider equations of type (1.1) that have both the drift terms, and also
div F, in dimension two and under an integrability assumption on D?¢ in higher dimensions.
Our main results are the following theorems on interior Harnack inequality and Holder
estimates. They extend the result of Le [31] to equations with drift terms.

Our first result is the following Harnack inequality.

Theorem 1.1 (Harnack inequality) Let ¢ € C3(Q2) be a convex function satisfying (1.3).
Suppose thatF, b, B € WIL’C"(Q; R”)ﬂLi’OOC(Q; R"), f € Li.(R2),n/2 <r <n,anddivB <
0. Assume that S,(xo, 2h) € 2, where S,(xo, -) is the section defined in Definition 2.1. Let
u e Wz’”(S(p (x0, h)) be a nonnegative solutionto (1.1) in Sy(xo, h) andlett < h/2. Further

assume that

1. eithern =2, or
2. n>3ande*(n, h, A)+1 > %, where £* is the exponent in the interior W21 estimate
for the Monge—Ampere equation in Theorem 2.7.

Then, there are positive constants C and y such that

sup u < C|( (J|F| + I fllzr )t¥ + inf u)
Sg,(x(l)),t) < L5, (o.h)) + I I Lr (s, xo.my) gt

Here the constants C and y are given by
y=ym A A,r)>0, and
C = Cn, a A1, &% bl oo(s, (o)) » Bl Lo (s, (xou) »
1div Bll (s, (xg,n)) » s diam(Sy (x0, 2h))).

We will prove Theorem 1.1 in Sect. 4.
From the Harnack inequality, we have the following interior Holder estimates.

Corollary 1.2 (Holder estimates with L norms) Let ¢ € C3(2) be a convex function sat-
isfying (1.3). Assume that F, B, b € Llo(fc(Q; R™) N WIL’C" (R, fe Ly (),divB <0,
n/2 < r < n, and S,(xo,4ho) € Q. Let u € Wli’C"(Sq,(xo, 4ho)) be a solution to (1.1) in

Sy (x0, 4ho). Further assume that

1. eithern =2, or

2. n>3ande*(n, A, A)+1 > %, where * is the exponent in the interior W2I+te ostimate
for the Monge—Ampere equation in Theorem 2.7.

Then, there are positive constants C and y such that for all x, y € Sy(x0, ho), we have

lu(x) —u(y) <C (||F||Lw(s¢,(xo,2h0)) + 1 e (s, o.2m00) T ||M||Lw(s¢(xo,h0))) [x — .
(1.5)

Here Y depends onn, A, A, 8*, || (b, B) ||L°°(S¢,(x0,2ho))’ ||d1V B”L”(Sw(xo,Zho))’ diam(Sw(xo, 4]10)),
and ho, and C depends on ||(b, B) || o< (s, (x0.2n0))» 141V Bl L1 (s, (x9,28))> diam(Sy (xo, 4h0)),
n, A, A, r, €%, and hy.

We will prove Corollary 1.2 in Sect. 6.

With stronger assumptions on the integrability of the Hessian matrix D?¢ in higher dimen-
sions, we can obtain the following interior Holder estimate, where the L°° norm of the solution
u in Corollary 1.2 is replaced by its L2 norm.
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Theorem 1.3 (Hélder estimates with L? norm) Let ¢ € C3(2) be a convex function satisfying
(1.3). Assume that F, B, b € L5 (2; R") N Wllo‘c"(Q; R"), f e Ly, (), divB <0,n/2 <

r < n,and Sy(xo, 4ho) € Q. Letu € WI%)’C" (8¢ (x0, 4ho)) be a solutionto (1.1)in Sy, (xo, 4ho).
Further assume that

1. eithern =2, or
2.n>3and e*(n, A, A) +1 > @, where €* is the exponent in the interior W2 lte
estimate for the Monge—Ampére equation in Theorem 2.7.

Then, there are positive constants C and 'y, where y depends onn, X, A, £*, diam (S, (xo, 4ho)),
||(b, B)||L°°(S¢(x0,2h()))’ and h(), and C depends onn, )\., A, r, 8*, ||(b, B)||L°°(S¢,(x0,2h0))’ h(),
and diam(Sy (xo, 4ho)), such that for all x, y € Sy (x0, ho), we have

lu(x) —u(y)l < C (”F”LW(S(ﬂ(xo.Zho)) + I (s, xo.2000) T ||M||L2(Sw(x0,2h0))) lx —y|".
(1.6)

We will prove Theorem 1.3 in Sect. 6.

Remark 1.4 In Theorem 1.3, we use the L2 norm of the solution  in the estimate (in fact,
any L? norm for p > 0 can be used); in Corollary 1.2, the L norm of u is used in the
estimate. The improvement in Theorem 1.3 comes at the cost of having to assume stronger
integrability of D% when n > 3, namely, 1 + ¢* > w This is because we need this
condition in the proof of the interior estimate in Lemma 5.1. It would be interesting to see if
the condition 1 + &* > @ can be relaxed in Theorem 1.3.

Remark 1.5 Note that, by Caffarelli [4] (also see [31, Theorem 6.13]), for any p > 1 and any
convex function ¢ satisfying (1.3), we have D2<p € Lf;c (2), provided that A/L—1 < e~ Cmp
for some large constant C(n) > 1.

Remark 1.6 In our theorems, we require ¢ to be C 3 in the domain. However, our estimates
do not depend on the regularity of ¢ but only on the constants A, A, and n. The functions
F, b, B are assumed to be in LS (€2; R") N Wllo'c" (€2; R") and f to be in L{ (), but the
estimates depend only on the quantities stated.

1.3 Related results for equations in divergence form

Divergence form equations
—div(aDu +uB)+b-Du+cu = f —divF inQ cCR" .7

have been studied in the case when the symmetric coefficient matrix @ = a(x) is not uniformly
elliptic, but instead satisfies

Py <a(x) < px)l,

for nonnegative functions p and u, where I, is the n X n identity matrix. Murty-Stampacchia
[43] and Trudinger [49] proved L® and Holder estimates for solutions to equations of the
form (1.7) with integrability assumptions on p and o L. Specifically, it is assumed that
weLPand p~' € L9, where 141 % These extend the classical results of De Giorgi
[11], Nash [44], and Moser [42] for uniformly elliptic equations, when p and p are positive
constants.

Bella-Schiffner [3] extended the above results in the case of equations of the form
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—div(aDu) =0

in @ ¢ R”, under the assumption that + + 1 < % This result is essentially sharp, as

Franchi-Serapioni-Serra Cassano [16, Theorem 2] proved that a counterexample exists if
1,1 2

In the case when the matrix a = & is the cofactor matrix of the Hessian matrix ngo,

where ¢ satisfies (1.3), we have
det D¢
D]

a = (det D*¢)(D?*p)~! >

As det D?¢p > A and D%>¢ € L' by the W>!+¢ estimate for Monge—Ampére equations
(see Theorem 2.7), p~! € L'*¢". Furthermore, 0"~ is bounded by (1.3), and thus u €
LU+E9/(=1) Therefore, we get

1 1 _ 1 n n—1 _n
p g l4e&  14e*  1+4e*
Note that, with only the assumption that ¢* > 0, this is smaller than n%] only when n = 2.

Whenn > 3, the assumption 1 +¢&* > n(n —1)/2 in Theorem 1.3 and in Le [31] corresponds
to ll’? < % Compared to the results of Bella-Schéffner, these cover the equations with
nonzero right-hand side (especially the case when F # 0), with the assumption that the

matrix a = (det D%p)(D%p) L.

1.4 Methods of the proofs

We briefly discuss the differences in the proofs of the results in this paper, the results of Le
[26, 31], and the results of Wang [53].

The proof of interior Holder estimates in Le [26, 31] used the fine properties of the
Green’s function for the linearized Monge—Ampere operator [24, 25]. Other tools used in
the proof are De Philippis-Figalli-Savin and Schmidt’s W2 1%¢ estimate [12, 46] in the case
n = 2, and the Monge—Ampére Sobolev inequality. The W2 1+¢ estimate is replaced by
an integrability assumption for D?¢ when n > 3. The results for the Green’s function for
the linearized Monge—Ampere operator with drift terms are not available, so we take an
alternative approach in our proofs.

Wang [53] uses the De Giorgi iteration technique, in addition to the Monge—Ampere
Sobolev inequality, in the proof of interior Holder estimates. We will use the Moser iteration
techniques similar to the ones in Gilbarg-Trudinger [20, Chapter 8] and Trudinger [49], and
the Monge—Ampere Sobolev inequality in our proofs.

The rest of this paper is organized as follows. In Sect.2, we present definitions and prior
results used in the proofs of the results. In Sect.3, we establish global L estimates for
solutions to (1.1). In Sect.4, we prove the interior Harnack inequality in Theorem 1.1. In
Sect. 5, we establish interior estimates for solutions to (1.1). Finally, in Sect. 6, we prove the
Holder estimates in Corollary 1.2 and Theorem 1.3.

2 Preliminaries
In this section, we introduce some notations, definitions, and background results on the
Monge—-Ampere equations and the linearized Monge—Ampere equations that will be used in

this paper.
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Notation

We will use the following notations throughout the paper.

o Bi(x):={yeR":|y—x|<r},

e B, :=B,(0),

o ut = max{tu, 0},

e [, :=n x n identity matrix.

e diam(E) := diameter of a set E.

e |Q| := the Lebesgue measure of a Lebesgue measurable set Q C R”.

Unless otherwise stated, our convex domains are assumed to have nonempty interior.

Deﬁnitign 2.1 (Sections) Let ¢ be a C! convex function in . Then the section of ¢ centered
at x €  with height 4 > 0 is defined as

Sp(x,h) = {y € Q: 9(y) < (x) + Dp(x) - (y — x) + h}.

Theorem 2.2 (John’s lemma [22]) Let 2 C R" be a nonempty bounded convex domain.
Then, there is an affine transformation T : R" — R" such that By C T-'Q c B,.

Definition 2.3 (Normalized convex sets) An open convex set K C R” is called normalized
if By C K C B,.

We will use the following Monge—Ampere Sobolev inequality. It was proved by Tian-
Wang [48, Theroem 3.1] when n > 3, and by Le [26, Proposition 2.6] when n = 2; see also
[31, Theorem 14.15].

Theorem 2.4 (Monge—Ampére Sobolev inequality) Let ¢ be a C? convex function satisfying
(1.3), and define ® as in (1.2). Suppose Sy(xo,2h) € R, and S, (xo, h) is a normalized
section. Then for any u € C°(Sy(xo, h)),

12
o, iy < C / ®Du-Dudx| |
Sy (x0,h)

where

1. pe(2,00)and C =C(p,r,A)ifn =2, and

2.p= nz—nz and C = C(n, A, A) ifn > 3.

Theorem 2.5 (Caffarelli’s interior C La estimate [5]) Let @ be a strictly convex solution to
the Monge—Ampére equation det D>¢ = f in a convex domain  C R", where . < f < A
for positive constants A and A. If Sy(x, h) € Q2 is a normalized section, then for all y, z €
Sy (x, h/2), we have

[Dg(y) — Dp(z)| < Cly —z|%,
where

C=Cn,A,A)>0 anda =a(n,r, A) > 0. 2.1)

This C!¢ estimate implies that sections contain balls with the same center.
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Corollary 2.6 With the same assumptions as in Theorem 2.5, if t < h/2 we have
B0+ (x) C Sy(x, 1),
where o is defined in (2.1) and ¢ = c(n, ., A) > 0.
We will also use the interior W21+¢ estimate of De Philippis-Figalli-Savin [12] and

Schmidt [46] for the Monge—Ampere equation. We will use the following formulation for
compactly supported sections (see [31, Corollary 6.26]).

Theorem 2.7 (Interior W*'1¢ estimate) Let 2 be a convex domain in R™. Let ¢: Q2 — R be
a continuous convex solution to the Monge—Ampére equation

detD’p=f inQ, 0<Ai<f<A.

Suppose Sy, (xo, h) is anormalized section, and Sy, (xo, 2h) € Q. Then, fore = ¢*(n, x, A) >
Oand C = C(n, A, A) > 0, we have

”Dz‘/’HLHs(Sw(xo,h)) =C

We have the following volume estimates for sections (see [31, Lemma 5.6(i)]).

Lemma 2.8 (Volume estimate for sections) Suppose ¢ is a C' convex solution to ) <
det D% < A for positive constants k. and A in Q C R”. If Sy(x, h) € @, then

c(A,mh"? < [Sy(x. W] < COum)h"?
for positive constants ¢ and C.

We will also use the following Harnack inequality for linearized Monge—Ampere equations
with drift from Le [27, Theorem 1.1].

Theorem 2.9 (Harnack inequality for linearized Monge-Ampere equations) Let 2 C R" be
a bounded convex domain. Assume that ¢ satisfies (1.3), and define ® = (®")<; j<, asin

(1.2). Suppose that v > 0 is a Wli’c" () solution of
@V Djjv+b-Dv+cv=f 2.2)

in a section S := Sy(x0,2h) € Q, where h < hy for a positive, fixed ho, f € Li, (),
¢ € Li (), and b € Ly, (Q2; R"). Then

loc

sup v§C< inf v+ hr!/? ||f||L,,S>, (2.3)
Sy (x0./) Sy (x0.h) )

where C is a positive constant depending on n, A, A, ho, ||bll L sy, and ||c|[pns).

Definition 2.10 (Subsolutions to equation (1.1) in a domain S) Let Q C R” be a bounded
domain, and S be a domain contained in 2. Suppose F, B,b € LS (2; R") N WI]O’C"(Q; R™)

and f € L7 (). We say that u € WL2(8) is a (weak) subsolution to (1.1) if for all

loc
v e Wol‘z(S) with v > 0 in S, we have

f@Du-Dvdx—f—/uB-Dvdx—l—/(b-Du)vdx§/F~Dvdx+/fvdx.
N s N s N
(2.4)
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3 Global estimates

In this section, we prove global estimates for solutions to equation (1.1) with zero boundary
data on sections in Proposition 3.5. These estimates will be used to prove the Harnack
inequality, Theorem 1.1, in Sect. 4. The following is a brief outline of the steps leading to the
proof of Proposition 3.5.

We begin with Lemma 3.1, which provides an estimate for subsolutions u that are nonpos-
itive on the boundary of normalized sections. By defining suitable test functions and using
Moser iteration, we derive an estimate for the L norm of ™ in terms of its L2 norm. In
Lemma 3.2, we obtain an L? bound for w of the form log ﬁ Next, in Lemma 3.3 we
show that w is a subsolution to a linearized Monge—Ampere equation of the form in (1.1).
This gives global estimate for u™ independent of the L2 norm of u. Applying Lemma 3.3 to
u and —u gives Lemma 3.4, which provides global estimates in normalized sections. Finally,
rescaling Lemma 3.4 gives us Proposition 3.5.

We now proceed with the proof of the following lemma.

Lemma3.1 Ler ¢ € C3(Q) be a convex function satisfying (1.3). Suppose F,B,b €
Ly (2;R") N W]z’C"(Q; R"), f € L{,.(R), and n/2 < r =< n. Suppose S = S,(x,1) is

loc —
a normalized section, and Sy (x, 2t) € Q. Suppose u € WL2(8) N C(S) is a subsolution to

(1.1) in S satisfying u < 0 on 9S. Assume that

1. eithern =2, or
2.n>3ande*(n, A\, A) +1 > % where €* is as in Theorem 2.7.

Then,

supuct < € (IFllisqs) + 1 o) + [ [1ags)) 3.1

where

C=Cm, A, r, e bl IBllLoocs) »

Dz‘/’”LHe* s))-

Proof We define the test function v as in Gilbarg-Trudinger [20, Section 8.5]. Set
k=1Fllpesy + 1/ zr sy

and for 8 > 1 and N > k, define H € C'([k, o0)) by

P —kP ifk<z<N,

e {ﬁNﬂ—‘(z—N)HNﬂ —¥) ifN <z

Letw = ut 4+ k > k, and define
w
v=G(w) = / |H'(s))*ds > 0.
k
Then, using v € WOI’Z(S) as a test function in (1.1), we get

/dJDu-Dvdx+/uB-Dvdx+/(b-Du)vdx§/F~Dvdx+/‘fvdx‘
N s N s N
(3.2)

Note that
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1. Dv=G'(w)Dw = H (w)?Dw,

2. v and Dv are supported on {u > 0}, and on the set {u > 0} = {v > 0}, we have

Dw = Du = Du™, and
3. H’is increasing on (k, 00), hence G’ is also increasing on (k, 00). Thus,

G(w) = /w G'(s)ds < wG'(w).
k

Now we estimate the terms in (3.2) separately. Note that as ¢ is convex and det D%¢ > 0
by (1.3), D?¢ is positive definite. Moreover, the largest eigenvalue of D2¢ is bounded by

Ag. Therefore, we have, in the sense of symmetric matrices,

det D¢

= (det D*p)(D*p)~" >
Ag

ne

Hence for any n € R”, we have, by (1.3),

2
dn-n > det D¢ Inl* > o nl?.
Ag Ag

Using the Cauchy-Schwarz inequality and (3.3), we get

—/(b~Du)vdx §/G(w)|b-Dw|dx §/wG’(w)|b~Dw|dx
S N N

172
E/(G’(w)dJDw-Dw)1/2< 2G' (w) == |b|) dx
S

1
§Z/G/(w)<l>Dw-Dwdx+/ w?G'(w ) b2 dx.
S

Similarly, recalling that Dv is supported on {# > 0}, we have
—/uB-Dvdx = —/ G'(w)uB - Dwdx < / G’ (w)w|B||Dw| dx
N S
12 1/2
< / (G'(w)®Dw - Dw)"/ ( 26 (w ) ? 8| ) dx
S
|
< Z/G’(w)chw-DwdH/ w?G’ (w)  B? dx.
N
By the same reason, we have
fF- Dvdx = / G'(w)F - Dwdx
N N

1/2
5/(G’(w)cbDw.Dw)”2 <G( )— |F|> dx
S

IA

%/G’(w)CDDw-Dwdx—F/G( )— IFI dx
S

IA

1
f/G’(w)CDDw-Dwdx+/w2G’(w)—dx

(3.3)

3.4)

(3.5)

(3.6)
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where we used w > [|F|[ o (s), and because w > &,

/fvdx§/|f|G(w)dx§/|f|wG/(w)dx
s S s

/] 3.7
< / L w?G (w) dx.
s k
Note that
/ ®Du - Dvdx = / G'(w)®Dw - Dw.
N N
Adding (3.4)—(3.7) and invoking (3.2), we obtain
/ G'(w)®Dw - Dwdx
s
3 / 2 [f]
SZ G (w)®Dw - Dwdx + | w G (w) (1+Ib|+|B|)+f
s s
Hence
/ G (w)®Dw - Dwdx < 4/ sz/(w)h dx, 3.8)
s N
where

B2 4 e +|B|>+m

Before moving to the next step, we estimate 4. As S is normalized, |B| < |S| < |By|-
Therefore, for

q = min{l + &*,r} > %
we have, by the Holder inequality,

L+ (b1 o5y + Bl oo s I llLacs)
A k

1+ bl (g + IBI? (s e =g || fllpresy e
< ° D | Agll a5 1517 + —— s

A

Il Lacs)y < ||A(P||Lq(s) +

1+ b1 gy + 1Bl g
< ) O Al e

= X 5 Bl #0554 (B, 7. (3.9)

Then, for
g =—, (3.10)
we have, from the Holder inequality

/w2G’(w)hdx = /(wH’(w))zhdx
N S

=< ||h||Lq(s) ”(wH/(w))QHL#Ll(S) (3.11)

= ||hllzacs) |wH (w) HZLQA(S)'
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Asu <0ondS, H(w) = 0on dS and the Monge—Ampere Sobolev inequality, Theorem 2.4,
implies

/G/(w)CbDw-Dwdx:/H/(w)ZQDw-Dwdx
S S

:/cbDH(w)-DH(w)dx (.12)
s
> ci(g,n 2 M) TH@) 5 s, »
where
2n :
<n_ fn>
I AL (3.13)
2q ifn =2.
Note that as ¢ > n/2, we have 7 > g. From (3.8), (3.11), and (3.12), we have
172
1 Hw)llzas)y < Calg,n, 2, A) ||h||L/q(5) |wH' (w) ||La(5)~ (3.19)

Letting N — oo, the terms in (3.14) converge to

IH W)l acs) — [|wf — kP

/ ) AR (3.15)
wH" (w) ”Lﬁ(s) — | pw ||L6(S)'
We also have
1 1/a—1/3
“kﬁ’ L7(S) = k5] "= NES ”kﬁ”Lﬁ(S)
1/n—1/3
< 1B VK ) (3.16)
1/a—1/3
< |By|'/m1a ||w’3||m(s>'
Because 8 > 1, from (3.14)—(3.16) and (3.9), we conclude that
|wP| i) = CP | w? ”LE(S)’ G.17)
where
~ 2 /\7 -~
C=Caln. b, A Il g, + 1B /714
< Cn, h A r, %, bl oos) » 1Bl oos) [ D20 rier (s)-
Note that C is independent of 3.
We define
n
X ==> ls
q
and rewrite (3.17) as
1wl sracs) < (CAYYP wllas) - (3.18)
Setting B = x™ > 1 (for integer m > 0) in (3.18), we get
lwllmrigsy < € X" wllnas) - (3.19)
Iterating (3.19) yields
lwlloocs) < CEnz0x ™" 5 Tz mx ™" lwllas) - (3.20)
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Because w > ut > 0 and
1-2/q 2/q
lwllzas) < lwlysdd lwiial
(3.20) gives

supu’ < |lwllpeogsy < Cllwllpzs) < Clk + ”u+”L2(S))
s

=C (||F||L°°(S) + 1 sy + ||u+“L2(S)>’
where

C=C@n,r A,r e, ||b||LOC(s) > ||B||L00(s) ,

D2¢}|Ll+£*(s))-

This completes the proof. O

Note that the L? norm of u™ appears on the right-hand side of (3.1). We will use a trick
in Gilbarg-Trudinger [20, Section 8.5] to eliminate this term. We first prove the following
lemma.

Lemma3.2 Let ¢ € C3(Q) be a convex function satisfying (1.3). Suppose F,B,b €
Ly (2;R") N Wll)’C"(Q;R"), f e L. (), n/2 < r < n, and divB < 0. Suppose

S = Sy(x,t) is a normalized section and Sy(x,2t) € Q. Suppose u € wh2($) N c(S)
is a subsolution to (1.1) in S satisfying u < 0 on 9S. Assume that

1. eithern =2, or
2.n>3ande*(n, A\, A) +1 > % where €* is as in Theorem 2.7.

Then,
w=log—2 K \here M = suput andk = Il + IFll (s, (3:21)
M+k—ut s
satisfies
lwllz2s) < 2, A7, 6, bllseqsy s IBlloes) » [ D7) s (3:22)
Proof Set
M+

Vi=—
M+k—ut

Thenv > 0,and v € WOI’Z(S) N C(S). Because u is a subsolution to (1.1), we get

/@Du-Dvdx—i—/uB-Dvdx—}-/(b-Du)vdx§/F~Dvdx+/fvdx.
s s s s S

AsdivB < 0and uv > 0,
/uB~Dvdx=/B~D(uv)dx—/vB~DudxZ—/vB~Dudx
s s s s

and therefore, we have

/@Dvadx—l—/((b—B)'Du)va’x§/F~Dvdx—|—ffvdx. (3.23)
S S S S

Because
M +k 4

pv=——>"% p
T Mtk —ut2 "

, (3.24)
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the left-hand side of (3.23) becomes

/CDDu~Dvdx+/((b—B)~Du)vdx
S S

3.25
M +k PR ut(b—B)- Dut (6:29)
= ———®Du" -Du"dx+ | —— dx
s (M 4k —ut)? s M+k—ut
We may also use (3.24) to substitute Dv in the right-hand side of (3.23) to obtain
M + k)F - Du™ +
/F-Dvdx +/fvdx o[ MEOFDut [T 4k 326
Ky S S(M+k—u+)2 SM+I€—M+
Putting (3.23), (3.25), and (3.26) together, and dividing both sides by M + k, we find
/ ®Dut - Dut </ F-Dut J fut+utB—b)- Du*
———dx ————dx X.
sMHk—ut?2 " T Jg(M+k—ut)? s (M +k)Y(M+k—ut)
(3.27)

Now we estimate the terms in (3.27) separately. First, from the Cauchy-Schwarz inequality
and (3.3), we have

/ F.Du* _ / (®Dut - Dut) 2" Ap|F|2)1/2 J
— _dx X
s M+k—ut)?2 "~ Jg (M +k —ut)?

1 ®Dut - Dut AL Ag|F|?
Sff#cm[&dx (3.28)
s (M 4k —ut)? s (M 4k —ut)?

1 ®Dut - Dut 1
<— | ————dx+ | A7 Apdx
4 Js (M +k —ut)? s

as M +k —u" > k > ||F|| oc(s). Next, using k > I fllrs) and the Holder inequality, we
estimate

fu™ / f
— x ldx < | = W11 r/e=1)
/s Mk —uh M+ 5 kg 7Y (29)
—1 r—1
<|ISI7 <|Bul7T
Finally, from Cauchy-Schwarz inequality and (3.3), we estimate
/ ut(B —b)- Dut / b
S(M+k)(M+k—u+) —u+
1/2 12
dDu™ - D A
< / # (p —Zib-— B|2 dx

s | (M 4k —ut)?

1/ ®Dut - Dut
< _

% 2
_— —|b—-B .
S(M+k—u+)2dx+/5 )le |“dx

(3.30)
Combining (3.27) with (3.28)—(3.30) yields
| [ ®Du* - Du* i1 T (Il poocs) + 1Bl oocs))”
7/ whe Dt g st L (Bl F [Blixs) /AW
S (M +k— l/l+)2 A Ky (331)

< Co(n,r, ", &, A, |[blloocs) » IBll Loos) »

Dz(p”LlJrs*(S))-
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Asu <0ondS, w=0o0ndaS. Also, we have

Du™

Dw=———"——.
v M+k—u*

(3.32)
Therefore, the left-hand side of (3.31) can be estimated using the Holder inequality and the
Monge—Ampere Sobolev inequality in Theorem 2.4:

1/ ®Dut - Dut

1
72dx=f/d>Dw~Dwdx
S(M+k—l/t+) 2 S

2
clwl o zalST il = ailBal 2wl ifn 23,039
> Ln=2(S
e w2, = erlBal =2 w2y ) ifn =2,

where ¢; = ¢1(n, A, A). The conclusion of the lemma follows from (3.31) and (3.33). O

Now we obtain the following global L™ estimate, independent of the L? norm of the
solution u, by showing that w in (3.21) is a subsolution to an equation of the same form as

(1.1).

Lemma3.3 Ler ¢ € C3(Q) be a convex function satisfying (1.3). Suppose F,B,b €
Ly (2;R") N WIL’C"(Q;R"), f e L (R), n/2 < r < n, and divB < 0. Suppose

loc _
S = Sy(x,t) is a normalized section and Sy(x,2t) € Q. Suppose u € wL2($) N c(S)
is a subsolution to (1.1) in S satisfying u < 0 on 9S. Assume that

1. eithern =2, or
2. n>3ande*(n, A\, A) +1 > % where €* is from Theorem 2.7.

Then,

Sl;P ut < C(IFlleocs) + 1 flrcs)) (3.34)

where

C=Cn, A A1, e, ||b||L°C(s) > ||B||Loc(s) >

D2¢}|Ll+s*(s))-

Proof Letw € W(}’Z(S) be as in (3.21). Then, using (3.32), we get

B Dut
-B-Dw=——"-—"-—"-—
M+k—ut
. . . (3.35)
- divBut) +ut divB - div(Bu™)
o M+k—ut T M+k—ut
as divB < 0. We have in the weak sense,
div(®Dut ®Dut - Dut
— div(@Dw) = — @D SDu” - Du (3.36)

M A k—ut (MAk—ut)?
From (3.32), (3.35), and (3.36), we get

—div(®Dut +u™B)+b-Dut  ®DuT - Dut

— div(®Dw) + (b — B) - Dw < - .
w(@Dw)+ (b —B) - Dw = M+k—ut (M +k —ut)?
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Combining this with (1.1), we get

—div(®Dw) + (b —B) - Dw
- f —divF ®Dut - Dut
“M4k—ut (M+k—ut)?

f —~®Du* - Dut +F - Du* )
= —div in {u > 0}.
M+k—ut M+ k—ut (M +k —ut)?
From (3.3) and the Cauchy-Schwarz inequality, we have in S
A
—®Dut - Dut +F - Dut < —A—|Du+|2 +F - Dut
2
2
_ AvlF]
4
_ Dp(M +k— ut)?
f— 4}\1 9
which implies
div(®Dw) + (b —B) - Dw < —di F + / +22 {u = 0}
—div w —B)- Dw < —div — in{u .
- M+k—ut M+k—ut 4 -

As w = 0 outside {u > 0}, w is a subsolution to

—div(®Dw) +b-Dw < —divF+ f in S, (3.37)
where
b=b—-B,
F-_ d
T Mgk — g Huz0p An (3.38)

Fe(—f 2
MAk—ut ' ax )K=or

Recalling that k = [|[F|| o5y + |1 f | 1r(s) and M = supgu™t > u™*, we obtain

[B] sy < Ibllzes) + 1Bl , and ||, < 1. (3.39)

For 7 := min{r, 1 + ¢*} > n/2, using the Holder inequality and the volume estimate in
Lemma 2.8, we have

17 lAgl 7
Hf L7(S) + L"(S)

O = 41
IF 1z s N ”DZ‘P”LHE*(S))

k 4

” D H LI+ (8) )

<Ci(n,r,e" (
(3.40)

<Ci(n,r,e"[1
_1(nr8)(+ 1

< C2 (l’l, r, 8*5 A, Dz(p“Ll+£*(S)) ’
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Combining (3.37)—(3.40) and applying Lemmas 3.1 and 3.2, we get

Sl;pw < C3 (HF”LOO(S) + ||f”L7(5) + ”w”LZ(S))

(3.41)
< Ca(n, &, A, r, &%, [[bll oocsy » IBllLoo(s) » D2§0HL1+Q*(S))~
Recalling that
) M+ k
w =lo
& M+k—ut
and M = supgu™, we have
+k
supw = log (3.42)
S k

Therefore, as k = ||[Fllp(s) + I fll (s, the conclusion of the lemma follows from (3.41)
and (3.42). O

By applying Lemma 3.3 to # and —u, we obtain the following estimate.

Lemma3.4 Let ¢ € C3(Q) be a convex function satisfying (1.3). Suppose F,B,b €
Ly (2;R") N WIL’C"(SZ;R"), f e L (Q), n/2 < r < n, and divB < 0. Suppose

loc _
S = Sy(x,t) is a normalized section and Sy(x,2t) € Q. Suppose u € wL2($) N c(S)
is a solution to (1.1) in S satisfying u = 0 on 9S. Assume that

1. eithern =2, or
2.n>3ande*(n, A\, A) +1 > %, where €* is from Theorem 2.7.

Then,
il Loegs) < € (Il oegs) + 11 1l cs) (3.43)
where

C=Cn,x A1, e [bllposcs) Bl »

Dz(/)“Ll+s*(S))-

Now, we rescale (1.1) and apply Lemma 3.4 to obtain the following global estimate.

Proposition 3.5 (Global L estimate in normalized section) Let ¢ € C3(Q) be a convex
Sfunction satisfying (1.3). Suppose F,B,b € L (2;R") N Wli)‘c"(Q; R™), f € L} (),

loc loc
n/2 < r < n,and divB < 0. Suppose Sy(xo, 2hq) is a normalized section contained in

Q, and h < hy. Assume that u € WY2(8) N C(S) is a solution to (1.1) in S = Sy (x0, h)
satisfying u = 0 on 0S. Further assume that

1. eithern =2, or
2.n>3ande*(n, A\, A) +1 > % where €* is from Theorem 2.7.

Then,
lull oo sy < C (IF I oo(sy + ILf I presy) B (3.44)
where

C=Cn,r A1, e [bllos) . IBlliecs)), and
y=ym i, Ar)>0.
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Proof We use the rescaling in Le ([30, pp.20-22], [26, Section 3.2]). By John’s lemma, there
is an affine transformation 7x = Ayx + by, such that By ¢ 7! (Sy(x0, h)) C By,. We define
the rescaled functions

§(x) := (det Ap)~*"p(Tx),
w(x) :=u(Tx),
F(x) := (det Ap)?" A, 'F(Tx),

b(x) := (det Ap)*" A, 'b(Tx), 345
B(x) := (det A)*" A, 'B(Tx), and
Fx) = (det Ap)>" f(T)
on
S =TS, (x0, 1)) = Sz(y0, (det Ap)~2/"h), (3.46)
where yo = T~ 'xo. Then, the rescaled functions satisfy the equation
—div(®Dii +7iB)+b-Dii = f —divF in&. (3.47)
To apply Lemma 3.4 to i, we estimate the rescaled functions. First, note that
det D*G(x) = (det D*¢)(Tx) inS,
so that
A<detD*F <A inS.
Furthermore, as By C Sc B,,, we have from Lemma 2.8,
c(n, h, Nh"? < det Ay < C(n, x, AR/ (3.48)
From Corollary 2.6, we get
HA’71” <—/=< Cn, %, A)h™ . (3.49)
chT+a

Now, from (3.45), (3.48), and (3.49), we get
~ 1 a
[b]l sy < (CHY2X"Ch™ T [Ibll L) < Cn by AR bl oogsy . (3.50)

Similarly, we also obtain

B[, < Cn. A, A)hTH |B| (s, and
1B 5 < “ .
JE] o) < COn AL MRTEE [Fl s,
Finally, we get
1/r
17 = (f(detAh)z’/”f (Tx)dx)
1/r
det A Qr/n)—1 ¢r d )
= ([etan®m iy ay o

1/r
</ (Chn/2)(2r/n) lfr(y) dy)

= C(n,, NV fll sy -
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As 35S = T~1(3S), i = 0 on 3S. Therefore, we may apply Lemma 3.4 to & and combine it
with (3.51) and (3.52) to get

el oo sy = Nll oo 3,
c (||F||L<>°(§) + £ L’(§)) (3.53)
C (Cr s MITF [Flloes) + s A OB ™ | fll s )

IA

where

C = Cn, A, A,r,e",

DZ@Hyw* (S:)) (354)

As S, (xp, h) is contained in a normalized section, we have

b||L°°(§)’ B||L°°(§)’
h<C(n,A, AN). (3.55)

Therefore, we have
C < C, o A, 6%, bl Lo sy » 1Bl oo s)- (3.56)

Furthermore, the L norms of B, B are under control by (3.50) and (3.51). Finally, by the
W21+€ egtimate in Theorem 2.7, we have

2~
| D@ 1o 5y < Cn, 2, D).
Combining (3.53), (3.54), and (3.55), we have

lutll oo gs) < CCo hs A, 0) (IRl poogs) + I f e gs)) B ™7, (3.57)
where
. n a
y =min{l — —, .
{ 2r 14+« }
As o = a(n, A, A), the conclusion of the lemma follows from (3.56) and (3.57). ]

4 Harnack inequality

In this section, we use the global estimate in Proposition 3.5 to prove the Harnack inequality,
Theorem 1.1. We begin by expressing an arbitrary solution of (1.1) as the sum of solutions
of a homogeneous equation and an inhomogeneous equation with zero boundary data. The
inhomogeneous part can be bounded using Proposition 3.5, while the homogeneous part can
be bounded using the Harnack inequality in Theorem 2.9. Combining these estimates yields
the Harnack inequality in normalized sections, Proposition 4.1. Rescaling Proposition 4.1
then gives the desired Harnack inequality in Theorem 1.1.
We will first prove the following proposition.

Proposition 4.1 (Harnack inequality in normalized section) Let ¢ € C3(2) be a convex
function satisfying (1.3). Suppose that F, B, b € Liy (2; R") N WIL’Cn(Q; R™), f € L (),
divB < 0,andn/2 < r < n. Suppose Sy,(x, ho) is a normalized section contained in 2, and
h < hy/2. Assume that u € Wz’”(Sw (x, h)) is a nonnegative solution to (1.1) in Sy(x, h).

Further assume that

1. eithern =2, or
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2. n>3and e*(n, A, A) + 1 > %, where ¢* is from Theorem 2.7.

j 3’
Then,

sup u < C((IF] + ANz )Y 4+ inf u)
St/ ( recsyinn T L syem 4 g G

where
y=ymn, A Ar)>0 and
C = C(l’l, AAT, 8*, ”b”LOC(Sq,(x,h)) B ||diVB||L"(S¢(x,h)) s ||B||L0€(Sw(x’h))) > 0.

Proof By [20, Theorem 9.15], we can find a solution ug € wZn(8) to
{— div(®Dug + uoB) + b - Dug = f — divF in § := S, (x, h),
uo=0 ondSs.
Then v = u — ug satisfies v > 0 on 9.5, and is a solution to
—div(®Dv+vB)+b-Dv =0 inS.
Observing that the equation above can be written as
—~®D;jv+ (b—B) - Dv — (divB)v =0

and divB < 0, we have v > 0 in S by the maximum principle [20, Theorem 9.1]. As
Sy (x, 2h) is contained in a normalized section, S, (x,2h) C B, and h < C(n, A, A) by
Lemma 2.8. Therefore, we can apply the Harnack inequality in Theorem 2.9 to get

sup v<C; inf v,
Sy(x.h/2) Sp(x,h/2) 4.1)

where
Cr=Ci(n, A, A, |Ibllpoosy s 1Bl zoos) » [1div B[ zn(sy)-

By applying the global estimate in Proposition 3.5 to ug, we obtain

SI;P luol < C2(IF I oo sy + I f Il res))h” s (4.2)
where
Ca = Ca(n, h, A1, €%, [Ibllzoc(s) » 1Bl poo(s)), and
y=ym A, Ar)>0.
As v = u — ug, combining (4.1) and (4.2) completes the proof. ]

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 We prove the theorem by using the rescaling scheme in the proof of
Proposition 3.5. Using John’s lemma, we find an affine transformation

Tx =Apx + by,
such that
TB) C S := Sy(x0,h) C T By, (4.3)

Using the transformation 7', we define the rescaled functions as in (3.45), (3.46).
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We start by estimating the matrix Aj. First, from (4.3) and Lemma 2.8, we obtain the
following bounds on det Aj:

TB S, (x0, h
|det Ap| = 75| < IS¢ (x0. 1) < Ci(n, A, NR"? =: C3(n, A, A, h), and
|B1] |B1] @.4)
|T By | |S<p(x0a h) n/2 _.
|det Ap| = > >ci(m, A, MR =1 cq(n, X, A, h).
| Byl | By
We also have (see [31, (5.6)])
HA;l H < Cy = Cn, i, A, diam(S, (xo. 2h)))h /2. (4.5)
Recall that from (3.46),
S = T7'(Sy(x0. 1)) = Sz(v0. (det Ap)~2/"h).
We now estimate the rescaled functions. From (3.45), (4.5) and (4.4), we have
~ 2
Ib] 3, < €3 Ca bl o)
HB”LOO(S) = C3 "Cy |IBll oo s)
[F[l g, < 3" CalIF sy, and
1/r
~ _ 4.6
17 = ( et an®m1 7 ay) “0
S
1/r
< ( /S M) dy)
2/n—
= C3/n Hr If sy -
Also, as
divB(x) = (det A;)*" divB(Tx) <0, 4.7)
we have
- 1/n
|divB] .z = ( / (det Ap)*[(div B)(Tx)]" dx)
1/n
= det Ay)[(divB "d
(/( DIV ()] y) s
1/n
( C3[(div B)(»1" dy)
1/n | 4
= C3 ”leB”L”(S) .
For t < h/2, setting
T=(det Ay)~ 2"t < (det Ap)~?/"h/2
gives
Sp(v0. 1) = T~ Sy(x0. 1). (4.9)
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Then, % is a solution to the rescaled equation (3.47) in Sz(yo, 27). Applying Proposition 4.1
to i, we get

sup & < Cs {(HF”LOQ@) + | 7] M

N7+ inf ¥
v@) T+ inf u} : (4.10)
S (v0,7)
Here, the constants Cs and y come from Proposition 4.1:
y=ym A, A,r)>0, and

Cs = Cs(n, 2, A, r, 6%, b 5, - [divB]

L3> ’EHL”@(E)) > 0.

Furthermore, the norms HBHLOC(E)’ divB 13y EHLOO@), F”L:x,(g), and Hﬂ & of the

rescaled functions are under control by (4.6) and (4.8). Finally, 7 is controlled by ¢ through
T<eM (4.11)

Therefore, putting (4.6), (4.8), (4.9) and (4.11) together, we obtain the conclusion of the
theorem from (4.10). m]

5 Interior estimates

In this section, we prove the interior estimate for solutions to (1.1) in Lemma 5.2. This
estimate will be used in the proofs of the Holder estimates in Corollary 1.2 and Theorem 1.3
in Sect. 6.

We begin by defining suitable test functions and then applying Moser iteration. This yields
an estimate in Lemma 5.1 for the L°° norm of solutions « to (1.1), involving its L9 norm in
a larger section, where ¢* is a finite number. Next, using a dilation argument from Le [31,
Theorem 15.4] and rescaling, we obtain the interior estimate in Lemma 5.2.

We will first prove the following lemma.

Lemma 5.1 (Interior estimate in normalized section) Let ¢ € C3(Q) be a convex function
satisfying (1.3). Suppose F, b, B € ng‘c"(Q; R NLE(2;RY), f e L (RQ), andn/2 <

loc loc
r < n. Assume that S,(xo,2t) € , and Sy(xo, t) is a normalized section. Assume that

u e W1*2(S¢, (x0, 1)) is a nonnegative solution to (1.1) in S, (xo, t). Further assume that

1. eithern =2, or
2. n>3ande*(n, A\, A) +1 > w where e* is from Theorem 2.7.

Then,

sup  u < C(”””L‘?*(Sw(xo,t)) + ||F||Loc(sw(x0,;)) + ||f||Lr(s¢,(x0,[))),
Sy (0.1/2)

where
C=Cn, A1, g™ [bllc(s,mo.n) » IBlLocs, o)) and q* =q* (e, n,r).
Proof We argue as in Le [31, pp.515-517]. Let u = u + k, where
k=¥l oo s, xo.0) + N 1Lr s, cx0.00) -
Forn € Cl(S,(x0, 1)) tobe determined laterand > 0, weuse v = n’a?*! € C (S, (xo, 1))

as a test function in (1.1) and extend it to be zero outside S, (xo, f) to obtain

/<I>Du-Dvdx+/uB-Dvdx+/vb-Dudx:/F~Dvdx+/fv. 5.1
Q Q Q Q Q
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Because
Dv = (8 + Dn*u? Du + 2nu?*' Dy and Du = Du,
the terms in (5.1) become
/ ®Du - Dvdx = (B + 1)/ n’uP D - Dﬁdx+2f na? ' dDu - Dy dx,
Q Q Q
/ uB - Dvdx = (B + 1)/ nzuﬁf‘B-Duderz/ nuu®t'B - D dx,
Q Q Q
/ vb- Dudx = / nzﬁﬁ"'lb -Dudx,
Q

Q

/F-Dvdx=(,3+l)/ nzﬁﬂF-Dﬁdx+2/ ni?*'F . Dydx, and
Q Q Q

/fvdx:fnzﬁﬂ+lfdx.
Q Q

We now estimate these terms. By the Cauchy-Schwarz inequality, we have

(5.2)

1
—2/ nu?*t'®Du - Dydx < §/ nzﬁ%Dﬁ-Dﬁdersf w$T2®Dn - Dydx.
Q Q Q

By the Cauchy-Schwarz inequality and (3.3), we get
- B+ 1)/ n*uii®B - Dudx
Q
<(B+ 1)/ n*u? ! B||Du| dx
Q
1 A
< ﬁi/ n*uP ®Du - Didx + 2(B + 1)/ P2 28 B2 dx.
8 Q Q A
Similarly,
—2/ nuPT'B - Dndx < 2/ nuP 2 (B||Dn| dx
Q Q
—p42 2—B+2 A(p 2
< | uP™®Dn-Dndx+ | nu T|B| dx,
Q Q

and

1 A
—/ a1 . Dudx < gf 72 & Dir - Dﬁdx—{-Z/ nzﬁﬂ+27‘”|b|2dx.
Q Q

Q
Asin (5.3) and using # > [F| in S, (xo, t), we have

(ﬁ+1)/ n*ulF - D dx
Q

A 12
<B+ 1)/ (r*af oD - D) <n2ﬁﬁ7¢|F|2) dx
Q

1 A
< ’3%/ nzﬁﬁCDDﬁ-Dﬁdx+2(,B+l)/ nzﬁﬂT(p|F|2dx
Q Q
1 A
< i/ nzﬁﬂQDE-Dde—i-Z(ﬂ—i-l)/ Pt 2% gy,
8 Q Q A
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(5.5)

(5.6)

(5.7)



Interior Harnack inequality and Holder estimates for... Page230f32 123

and
12
A
2/ @ F - Dydx < 2/ @ 20Dy - Dy)'? (nzﬁﬂ—‘pmz) dx
Q Q
5/Eﬁ+2d>Dn-Dndx+/ 25 ¢|F| dx (5.8)
Q
A
S/ﬁﬂ+2q>Dn-Dndx+/ 2af+2 2% g
Q Q A
Finally,

/ 2Pt fdx < / nzﬁﬂ“m dx. (5.9)
Q Q k

Now we put (5.1)—(5.9) together. We use (5.2) to substitute the integrals in (5.1); then, we
apply the estimates in (5.3)—(5.9). As 8 > 0 and each integral appearing on the right-hand
sides of (5.3)—(5.9) is nonnegative, we get
f(f 1)/ w?®Du - Dudx

2
< 10(/ Eﬂ“d)Dn-Dndx—i-'B%/ nzuﬂ“{ (14 |b*> + B> + 'fl} x).
Q Q
(5.10)

Because
D@P*ty) = (g + 1) u?*nDu +uP’> ' Dy,
we have
’3 2
oD@y - D@ ) <2 (3 + 1) w?n*®Du - Du +u?*t*oDn - Dy |.
Therefore, (5.10) implies that
'3 2
/ oD@P* ) - D@PP ) dx < 128 (5 + 1) [/ w2 oDy Dydx
Q Q

+/ nzﬁﬁ”{%(l—klblz—klm )+m] x:|.
Q

Letting

(5.11)

Sa i= Sp(x0. a),

we have, from the Alexandrov Maximum Principle [31, Theorem 3.12] (also see [31,
(15.16)]),

dist(Sr, 9Sg) > c(n, A, A)(R —7)" forO0 <7 <R <t.
Hence, we may choose 7 supported on Sg sothat0 <n < 1,np = 11in S5, and

[Dn| < Co(n, A, A)(R —7)". (5.12)
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We set
C[14é* n
g =min{——,rt > -,
n—1 2
and define ¢, 77 using (3.10) and (3.13). That is,

2 _ 2 ifp > 3,
q = e n—2 1 "=
g—1 2g ifn=2.

Then, by the Monge—Ampere Sobolev inequality, Theorem 2.4, we have

/¢D(ﬁﬁ/2+‘n).D(uﬁ/2+‘n)dx=/ oD@y - D@P* ) dx
Q Sk

> ci1(n, h, A, ) Huﬂ/2+ln (5.13)

L7(Sg)
B/2+1

> cr @ ’Lﬁ(Sr)'
Because Dz(p > (), all of its eigenvalues are smaller than Ag. Hence,
= (det D*p)(D*p) ™" < (Ap)" ",

Therefore, we have, from (5.12),

fﬁﬁ+2q>on.pndx 5/ w2 (Ap)" Y Dn|? dx
@ Sk (5.14)

<Ci(R-P)" / 2 (Ap)" ! dx.
Sk
We also have
[ {5 me w4 4 a

5/ ﬁﬂ”{ (1+ b2 +|B|)+M} x (5.15)
Sk

scz(n,A,AxR—f)—z”/ uﬂ“{ (14 bl® + [B[?) + 'f'}
SR
If we define

ne= 220 4P )+ U agr,

thenh € L9(S;). From (5. 14), (5.15), and the Holder inequality, the right-hand side of (5.11)
is bounded by

RHS (5.11) < 128(C3 + Cz)(g + (R —7)—2"/ w$t2hdx
Sr

5 (5.16)
. _ 2
< Caln, 2, M) (5 + DXR =172 [aP P 0 I Las,) -
Combining (5.11), (5.13), and (5.16) yields
_ 2 2 B
”1'{/3/2+1 ”Lﬁ(S,T) = C4(7’l, A, A, /q\) ”h”L’l(S,) (R - r) Zn( + 1) || wh/2! L‘I(SR)
(5.17)
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Asq > n/2,7n > q and we may set

B

Xx:==>1, andy ::Zi(g—}- ).

Q)| =)

Then, (5.17) becomes

q

1%l x5y < (Cs(ny Ay A, Q) Rl Lags,) (R — )21y 2) 0T

Define for each integer j > 0

(5.18)

1
4 ”u”LV(SR)-

t t i~
rj=3+ g ady;=x'q

Setting R =r;,7 =rj11,and y = y; in (5.18), we get

_ . _ ; AX2
Il = (265G Il zags, 172722220 ) g e (519)
J

J+1z =
Lot )

Iterating (5.19) yields

[l(5,0) < (€T Whllags 172 =202 220 Ky o0 .
(5.20)
As S,(x0, t) is normalized, we have from Lemma 2.8,
17! < Con, 1, A). (5.21)
Finally, the W2 !*¢ estimate in Theorem 2.7 implies
2 2
e, < Gt ||b||Loo(S,; B gy
- ”f”%s) + 1) | D2¢| s, (5.22)
< Cs(n,e*,r. A, A, [bllgscs,) 1Bl [ D] iver s, )
< Co(n, ", r, 1, A, |IbllLoo(s,) » 1Bl Loo(s,))-
The conclusion of the lemma follows from (5.20)—(5.22). ]

Now, we rescale (1.1) as we did in the proof of Proposition 3.5, and apply the result in
Lemma 5.1. Using the estimates from the proof of Theorem 1.1, we then argue as in Le [31,
Theorem 15.4] to obtain the following interior estimates in general sections.

Lemma 5.2 (Interior estimate in general section) Let ¢ € C3(Q) be a convex function
satisfying (1.3). Suppose F, b, B € WI%)'C"(SZ; R") N LY (R, f e LjL (Q), and n/2 <
r < n. Assume that S,(xo,2h) € Q and u € Wl*z(SqJ (x0, h)) is a nonnegative solution to

(1.1) in Sy(x0, 2h). Further assume that

1. eithern =2, or
2. n>3ande*(n, A\, A) +1 > @ where €* is from Theorem 2.7.

Then,
sup u < CO % Null s, om0 72 Il Los, oy + 177 1 1rcs, o)
Sy (x0,h/2)
(5.23)
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where

C = C(l’l, )\., A, r, 8*, ||b||LOC(Sw(X0,h)) . ”B”LOC(SW()C(),h)) , h, diam(S(p(x, 2/1))) > 0.

Proof Werescale S = S, (xo, /) asin the proof of Theorem 1.1, so that By C T‘IS(/,(xo, h) C
B,. We will use C and the numbered constants C, to denote the same constants from the
proof of Theorem 1.1 throughout the proof of this lemma.

Forh := (det Ap)~%/"h, we have the rescaled equation (3.47) in S = Sz (o, E). Applying
Lemma 5.1 to i, we get

sup = Dr(llill pos sy, + ”F”LOO(S;;(yO,E)) + 71

r '~ 0y N ),
D L (S5G0.0) 524
S5(0.h/2) 7o (5.24)

where D; > 0 depends on n, A, A, r, ¥, B”Lw@’ and ”E”Lw(ﬁ)'
Using the expression for C> in (4.5) and C3 in (4.4), we use the estimates (4.6) to estimate
the norms of the rescaled functions:

”S”LOO(S(;;(yo,Tl)) = (Clhn/z)Z/n (Ch™"/%) DIl Loo (s, (xo,h))

2/n >, 1—
_ Cl/nChl n/2 ”b”LOO(S(p(xO,h)) i

n 2/n 25 1—n/2
”B”Lf’o(Sg(yoﬁ))SCl Ch'="/ Bl oo (s, (xg,) -

N 2n s 1onl (5.25)
n —
||F||Lw(55(y0,ﬁ)) =C{"Ch n/ IFll Loocs, (xo.n) »  and
I /1 L (Sz(0.0) — (CR" 1221 1l Lr (s, oy
2/n—1 _
— C]/” /Vhl n/2r ”f”Lr(S(p(xo’h)) .
We also have (see [31, Lemma 15.2(iii)])
~ ~ —n/2q*
”M”L‘l*(Sa(yo,h)) < Da(n, A, A, q*)h n/2q ”””Lq*(Sw(xo,h)) (5.26)
for g* = g*(¢*, n, r), and
sup U= sup u. (5.27)

S5(y0,71/2) Sy (x0,h/2)

The L norms of b and B are under control from (5.25). Hence, from (5.24)—(5.27) we
have,

— oy -2 -4
sup u<D3(h % ”u”L‘i*(Sw(xo,h))—i_h 2 ||F||L°°(Sw(x0,h))+h 2z ||f||L’(S¢(xo,h))),
Sy (x0,h/2)

(5.28)
where D3 depends on n, A, A, r, g%, ||(b, B)”Lw(Sw(xo,h))’ h, and diam (S (xo, 2/)). We can

now use (5.28) to argue as in Le [31, pp.519-521] (see also Han-Lin [21, pp.75-76]) to obtain
(5.23). This gives the conclusion of the Lemma. O

Remark 5.3 In fact, following the arguments cited above, we can obtain (5.23) with the L2
norm of u replaced by the L? norm of u, for any p > 0.
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6 Interior Holder estimates

In this section, we prove the interior Holder estimates in Corollary 1.2 and Theorem 1.3.
We start by combining the Harnack inequality in Theorem 1.1 and the global estimate in
Proposition 3.5 to prove Corollary 1.2.

Proof of Corollary 1.2 Letosc(g, E) := supg g—inf g g.Itissufficient (see [31, pp.523-524])
to prove the oscillation estimate

osc(u, Sy(xo, h)) < Co (||M||L<><>(s¢(xo,h0)) + I1Fll oo s, (xo.200)) T ||f||L’(S¢(x0,2h0))> h??
6.1)

for all & < hg, where the positive constants Cy and yp have the same dependency as C and
y stated in the Corollary.

As in Le [26, pp.284-285], we break up the solution u = v + w in Sy (x9, h), h < ho,
where v, w € Wz’"(S(p (x0, h)) are solutions to

—div(®Dv+vB)+b-Dv = f —divF in S,(xo, h),
v=>0 on 98y (x0, h),

and

—div(®Dw +wB) +b - Dw =0 in Sy(xo, h),
w=u on 98, (xo, h).

Such u and v exist as a consequence of [20, Theorem 9.15].

We now rescale S, (xo, 2h0) as in the proof of Theorem 1.1, so that By C 7! Sy (x0, 2ho) C
B, for Tx = Apyx + byp,. We define the rescaled functions using (3.45), and set
U(x) := v(Tx). Applying the global estimate in Proposition 3.5 to U, we get

6.2)

Iz 550n.) = €1 (HF”sta(yo,ﬁ» + 7] u(smoﬁ))) w,

where
R = (det Agpy) /" h,

and

Ci=C (n,)», A,r,e",

BHLW(sa(yoﬁ» ’ b”LO@(Sa(yo,E») ’

yi=vyin,r A r)>0.

The L*° norms of F, B, ﬁ, and the L" norm of )7 are under control as in (5.25). Also, by
4.4),

h < Cn, A, A, ho)h.
Hence, from (6.2), we get

osc(v, Sy (x0, 7/2)) = 2 il Lo (s, 0.y = CLUF N Loo(s, (o, 200)) + I L7 (5, (x0.2000) 8"
6.3)

where

Ci = Ci(n, A, A, &%, bl Loo(s, (0. 20)) + Bl Lo (5, (x0.200)) + 0, diam(Sy (xo, 210))).
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‘We now estimate the oscillation of w. Define

M(t):= sup w andm(t):= inf w,
Sy (x0,1) Sy (x0,1)

and set
wi(x) ;== wkx) —m(h) and war(x) := M(h) — w(x).
Then, w; and w; are nonnegative solutions to
—div(®Dw; +wiB) +b- Dw; =m(h)divB, and
—div(®Dwy + waB) +b - Dwy; = —M(h)divB
in S, (x0, h). Therefore, applying the Harnack inequality in Theorem 1.1 to wy, w gives
M(8/2) =m(i) < Colm(h/2) = mO) + () & Blincs, o 7). and -
M(h) —m(h/2) < Co(M(h) — M (h/2) + M (h) div Bll 11 (s, (x0.h0)) B"?)

where

Cr=Cp (n A AL g% (b B Loo (s, (xg.2h0)) » 141V Bl L (S, (x.200)) » 70, diam (S (xo, 2ho))) ,
and
Y2 =720, 4, A) > 0.
Note that w satisfies a nondivergence form equation in Sy, (xo, /). That is,
—®;iDijjw+ (b—B)- Dw — (divB)w = 0.

As divB < 0, we may apply the maximum principle [20, Theorem 9.1] using the non-
divergence form equation to conclude that w takes extreme values on 9S. As w = u on
as,

M), Im(R)| < llull oo s, (x.h)) -
Therefore, as h < hg, we have
llm (h) div Bll pn (s, (xg,ho)) F 1M (h) div Bl Ln (s, (xg,h0))
= 2 llull oo s, (xo.hoy) 141V Bl L2 (s, (x0,2h0)) -
Hence, adding the two inequalities in (6.4), we get
I+ C)(M(h/2) —m(h/2))
< (Co = DM (h) — m(h)) + 2C2 IIdiv Bl (s, (xg.2n0)) 111l Lo (S, (xg.0)) B>

Replacing C; by C2 + 2, we may assume Cp > 1. Setting § := 8;} € (0,1) and

2G| div Bl s, (xg,20))
- 14+C;

Cy:

s

we have
OSC(w, S(p (XO, h/z)) = ﬂ OSC(w, S(p (XO, h)) + C3 ”u“Loc(Sw(xo,/’lo)) h"2. (65)
From the maximum principle, we also have

osc(w, Sy (x0, h)) = osc(w, S, (xp, h)) = osc(u, 35, (xo, h)) < osc(u, Sy(xo, h)).
(6.6)
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Recalling u = v + w, from (6.3), (6.5), and (6.6) we get
osc(u, Sy (x0, h/2)) < osc(w, Sy (x0, h/2)) + osc(v, Sy(x0, h/2))
< Bosc(u, Sy(xo0, 1)) + C3 llull oo (s, (xg.ho)) 1"
+ CrIFl oo s, (x0.2000) 117 (S, (00200 VA"
Therefore, by a standard argument (see [20, Lemma 8.23]), for all 2z < ho we get
osc(u, Sy (xg, 1))
<y (%)m (ose(w. Sy (x0. ho)) + C3 llull o (s, (xg.ho0) 1
+ CrUIFll oo (s, (x0,200)) T+ ||f||Lr(S<,,(xo,2ho)>)hg)/l)

h\7V3
<C4 (%> ((2 + C3h52) leell 200 (S, (x0.10))

+C1UIFll Loo (s, (xo,2h0)) T ||f||L’(S¢(XO,2h0)))hg]) ;

where C4 = C4(B) > 0 and y3 = y3(B) > 0. This gives the desired oscillation estimate
(6.1). The proof of the Theorem is complete. O

Now, we combine the interior estimate in Lemma 5.2 with the Holder estimate in Corol-
lary 1.2 to prove Theorem 1.3.

Proof of Theorem 1.3 From Corollary 1.2, for all x, y € S, (xo, /), we have
lu(x) —u(y)l < Cy (||F||L°°(Sw(x0,2h0)) + Il (s, x0.2000) T ||M||L°c(s¢,(x0,h0))) lx — yl7,
(6.7)

where Cy dependsonn, &, A, r, &%, bl oo (s, (xo.210))» 1Bl 2o (5,, (x0. 2000 141V Bl (s, (x0.200)) 5
ho,anddiam (S, (xo, 4ho)),and y dependsonn, A, A, &*, ||b||LOO(Sw(x0,2h0)), ||B||L°°(S¢,(xo,2ho))’
div Bl Ln (s, (xg,2h0))» 110, and diam (S (x0, 4h0)).

As

Dut = Duyxy>oy and Du~ = —Dux<o},
u™ and u~ are solutions to

—div(®Dut +u™B) +b- DuT = fxu=0 — div(Fxu=0)),
—div(®Du™ +u"B) +b- Du” = —f xu<oy + div(F (. <0))-

Therefore, we may apply Lemma 5.2 to ™ and u~ to get

_n -z
el oo s, (o, hony < C2lhg * Nutll 125, (xo.2000) + o * Il Loo(s,, (x0.2000))

o (6.8)
+h, ¥ ||f||L’(S¢(xo,2h0)))’

where
Co = Co(n, &, A r, &% Bl Loo(s, (g, 2n0)) » 1Bl Lo (S, (x0.200)) » 0, diam (S (x0, 4110))) > O.

Combining (6.7) and (6.8) completes the proof of the Theorem. ]
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